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We study the randomized solution of initial value problems for systems of
ordinary differential equations

y'(z) = f(z,y(x)), = € [a,b], y(a) =yo € R%

Recently S. Heinrich and B. Milla presented an order optimal randomized
algorithm solving this problem for y-smooth input data (i.e. v = r + p:
the r-th derivatives of f satisfy a p-Holder condition). This algorithm uses
function values and values of derivatives of f. In this paper we present
an order optimal randomized algorithm for the class of y-smooth functions
that uses only values of f. For this purpose we show how to obtain an order
optimal randomized algorithm from an order (sub)optimal deterministic one.

1 Introduction

We consider algorithms for initial value problems for systems of ordinary differential
equations

Y'(x) = flz,y(x) (=€ a,b]), (1)
y(a) = yo, (2)



where yg € R?, —co < a <b< oo, f:[a,b] xR — R,
In particular we are interested in determining the optimal order of randomized algo-
rithms, which solve (1) — (2) for specific classes of information.

In the deterministic case the problem was studied in the framework of information
based complexity (IBC) by Kacewicz in [4]. In his work he provided an order optimal
algorithm for the deterministic setting. Later he considered the randomized case in [5]
and presented an almost optimal algorithm for the problem. That means, he reaches
the optimal order only up to an arbitrarily small € > 0. Heinrich and Milla introduced
a new algorithm for the randomized setting and proved its optimal order in [1]. Both,
the algorithm of Kacewicz and the algorithm of Heinrich and Milla are based on Taylor
approximation. Thus these algorithms need knowledge about the derivatives of f.

In this paper we present a generalized approach for the considered problem class. We
will show that we obtain the same order of convergence, utilizing a smaller class of in-
formation. For this purpose we start with a family of deterministic algorithms. Based
on these algorithms we develop a randomized algorithm using polynomial interpolation
and prove its optimal order using results and methods from [1]. By choosing a suitable
family of deterministic algorithms that use only values of f, we obtain a randomized
method which uses only values of f, as well. Furthermore, if we choose the samples of
the randomized algorithm in a deterministic way, we obtain an order optimal determin-
istic algorithm using only values of f, too.

The paper is structured as follows: In Section 2 we define the considered initial value
problems and present the basic notions of the IBC framework associated with the prob-
lem. In the third section we define the conditions for the family of deterministic al-
gorithms and the randomized algorithm itself. The fourth section is dedicated to the
analysis of the algorithm and numerical results for the new algorithm will be provided
in Section 5.

2 Preliminaries

We start with defining the IBC framework and introduce some necessary definitions.

Definition 1. Let » € Ny := {0,1,...},p € [0,1],d € N:={1,2,...},k,L > 0,—00 <
a < b < co. Then we denote by C;”(a,b, s, L) the set of functions f : [a,b] x R? — R,
satisfying

D“f(x,z)  continuous (laf < 7), (3)

(o, < (lol<m), (@)

D" f(z,2) = D" f(t,0)] < w(lz =1 + |z = v]?), ()
|/ (z, Z) f(@,0)] < Lz =], (6)



where z,t € [a,b], z,v € R? and for a = (ag,...,aq) € NOT o] = ag + ... + ag and

D%f(z,z) := 8|a|f(x, ?)

T 0r092 925

| - | denotes the Euclidean norm on R?. Statement (5) says, that the r-th derivatives of
f satisty a p-Holder condition and (6) states the Lipschitz continuity of f in the second
argument.

An initial value problem (1) — (2) is given by the right-hand function f and the initial
value yo. Therefore we define the set of problem instances as follows. Fix o > 0 and put

F= {(f7 yO) : f € C£7p(a7b7 K, L)7y0 € Rd? |y0’ < 0}' (7)

Because of condition (6) there exists a unique solution y for the initial value problem
(1) — (2) given by (f,yo) € F, thus we define the solution operator S as

S F— G,
(fvy())'—>ya

where

G = B([a,b],RY)

is the linear space of bounded functions g : [a,b] — R%, equipped with the norm ||g||sc =
SUPgela,b] |g(l‘)‘

In the framework of IBC, we have to specify the information the algorithm is allowed to
use for calculating an approximate solution. In our case we define two sets of information
functionals:

ASt:{égszlgiSd,se[a,b]de,aeNg+1,|a|§T}U{(5i:1§i§d},
A= {5 :1<i<d,s€[a,b] xR}YU{§:1<i<d},

where

6ﬁs(f7 Yo) = Dfi(s),  6i,s(fry0) = fi(s),  0i(f,90) = vo,i-

The index 4 indicates the i-th component of f and yo. If an algorithm is allowed to
do information calls with respect to A%, we are allowed to use evaluations of f and
evaluations of derivatives of f. In the case of AS' we are only allowed to evaluate f.
Thus At is a proper subset of ASt.

We are especially interested in the so called m-th minimal error of an algorithm.
To specify this error we have to define the different kinds of algorithms, being feasible
for solving numerical problems. In our case the class of randomized algorithms is of
particular interest. A randomized algorithm A is a family of deterministic algorithms
A, : F — G depending on a randomized parameter w € € of the associated probability
space (2,%,P). In our case a deterministic algorithm takes as input an initial value
problem defined by (f,yo) and calculates an approximate solution y(x) to the exact



solution y(z) for x € [a, b]. For the calculation, the algorithm is allowed to do information
calls as defined above in an adaptive way. Adaptive means that the algorithm uses
knowledge of previous information calls to decide which information call he uses next.
For a non-adaptive algorithm the information calls are fixed before calculation. The
randomized method we will define in the next section is an example of an adaptive
algorithm.

In the case where the set 2 has only one single element the family A, describes a
deterministic algorithm. Therefore we consider a deterministic algorithm as a special
case of a randomized algorithm. To distinguish deterministic and randomized algorithms
we use the superscripts "det” and ”ran”.

The error of a randomized algorithm A with respect to S, F, is defined as

(S, A, F) = sup (E |IS(f,90) — Au(f,m0)l1%) "
(f,yo)GF

Then we define the m-th minimal error as

€£2H(S,F,/1) = d(lf{l%)< €(S,A,F),

where card(A, F') describes the average number of information functionals that A needs
for the calculation and A is the admissible information for A. Formal definitions and
more details on these notions can be found in [1],[2],[3] as well as in the monographs [8]
and [9].

Based on these definitions we give a short survey of important results for the considered
problem. In [4], B. Kacewicz proved

com TP < ef,ft(S, F, A% < com™" 7P,
Later he considered the randomized case and showed in [5] for every € > 0:
C3m—r—p—1/2 < 6?:11(5, F, ]\st) < C4m—r—p—1/2+5.

Recently Heinrich and Milla presented an order optimal algorithm for the problem and
proved in [1] that

csm P2 < ern(§ F AT < cem TP,

Here and below we use the symbols ¢, ¢y, c1, etc. to denote positive real valued con-
stants not depending on m,n, k, (f,yo) € F. If the specific value of the constant is not
important, the same symbol may be used for different values.

In the next sections we consider the m-th minimal error in the deterministic and in
the randomized case and we will show that the same orders hold even for the weaker
information class AS'. To prove this we introduce a randomized algorithm in the next
section and show its optimal order in Section 4.



3 The Algorithm

We define a randomized algorithm based on a certain family of deterministic algorithms:

For n € Nlet h = (b—a)/n and for k € {0,1,...,n} we set xx = a + kh. Let
0 <6 <7r+p+1and (Dyi)nenke{o,..,n—1} be an arbitrary family of deterministic
algorithms D,, j, : C;”(a,b, k, L) x RY — B([zy, xx41], RY) having the property that there
exists a constant ¢ > 0 such that for all n € N,k € {0,...,n—1}, f € C}”(a,b, s, L) and
vy € RY

HU - Dn,k(fv UO)|‘B([xk,mk+ﬂ,Rd) < Chea (8)

where v is the solution of
v'(z) = flz,o(x)) (2 € [2g, 241]), (9)
v(xg) = vo. (10)

Put D,, = (an)z;é Based on such a family of deterministic (local) algorithms we
continue by defining a randomized algorithm Ap, for the global solution.

Let n > 2 and (f,y) € F. We calculate vectors yp,1 € R? (k =0,...,n — 2) and
R%valued polynomials p, (k= 0,...,n — 1) inductively, beginning with k = 0. Let uy,
be the solution of the k-th local initial value problem

up(z) = f(2,up(z)) (2 € [z, 2p1]), (11)
uk(azk) = Yk- (12)

We calculate approximate values to uy by
Uk = Dpp(frye)(Tr,i) = up(Trs), (13)

where zp,; ;== xp + %h, i €{0,1,...,7}. Then we obtain an approximation to uj, by the
interpolation polynomial g; of degree at most r satisfying

Q(Tr) = f(Th, uni) (i=0,1,...,7). (14)

Integrating g yields an approximation py of ug by choosing pi(xg) = yx. f bk =n —1,
we stop here. If k < n — 1, we let {,+1 be uniformly distributed in [zy,zk11]. Then we
calculate

Yer1 = Pk(@rt1) + h(f Errrs P (Err1)) — P (Errr))- (15)



The output of the algorithm is the following function 5 € B([a, b], RY) :

if xe€ d 0<k<n-1
o) = pr(x) 1 T € [Tp, Tpt1) an < n—1, (16)
pn—1(z) if x € [xp_1,2p].
Thus we put Ap, (f,v0) = 7.
Remark. We explain (15) in the definition of the randomized algorithm. We have
Tk+41
) =)+ [ ) d. a7)

Tk

Since y(zy) and y(t) are not known itself we use the approximation pi. Therefore we

conclude
Tr+1

M%m%m+/ £t pr(t)) dt. (18)

Tk
To calculate an approximation of the integral we use Monte-Carlo Integration with sep-
aration of the main part as in [1]. As a control variate we choose pj (z). Thus

Tr+1

wet [ o) ar= s [T dee [ ) - i) a

k Tk Tk

~ pr(@ht1) + h(f s Pr(Err1)) — Pr(Errr))-

4 Analysis

Our aim in this section is to prove the optimal order of the algorithm defined in Section
3 for admissible information A®® in the deterministic and in the randomized case.

For analyzing our algorithm we need an estimate for the interpolation error of r-times
continuously differentiable functions whose r-th derivative satisfies a p-Holder condition.

Lemma 2. Let r € Ny, p € [0,1], k1 € R. Then there are constants c1,cy > 0 such that
for all a1,by € R with —o0o < a1 < by < oo and for all g € C"([a1,b1]) satisfying

97 (@) =g () < milz =t (2.t € a1, b)), (19)

the following holds: Let p be the interpolation polynomial of degree at most r with

i .
p(ti) = g(t:), ti:al+;(b1—a1) (i=0,1,...,7),

then

sup |g(z) — p(2)] < (b — a1)""7. (20)
xe[al,bl]

Moreover, for any polynomial q of degree at most r:

sup [g(z) — q(z)| < e1(br — a1)"* + 2 max [g(t:) — q(ti)]- (21)
me[al,bﬂ 0<i<r



This is a well-known result. However, since our formulation involves estimates with
constants independent of the interval limits a1, b1, we include the short and elementary
proof for the sake of completeness.

Proof. For a function f € C([a1,b1]) let
(Pf)(t) = Zf(ti)li(t)
be the interpolating polynomial, where
T t—t;
L) = A=z T2l
1 r=20
are the Lagrange polynomials. We have

sup |L(t)] < e (22)
tE[al,bﬂ

with a constant ¢ independent of a1, b;. Furthermore, by Taylor’s formula, for » > 1,

" (z—a) (g —t)r1
o) = 3 0@ + [T 00 - Oy a2

paar i! (r—1)!

Then (22),(23) and (19) imply (20) in the case r > 1. If » = 0, (20) follows directly
from (19). Moreover, we have

sup [g(z) —q(z)] < sup [g(z) — (Pg)(z)|+ sup [(P(g—q))(=)l,
(EE[(I1,b1] re[al,bﬂ :Ee[al,bl]

which combined with (20) and (22) gives (21). O

The values, used for interpolation in the randomized algorithm, contain errors. Thus
we show, using the second part of Lemma 2, that the uncertainty does not affect the
error rate of the interpolation.

Lemma 3. There are constants c1,co > 0 such that for allmn € N,
ke{0,...,n—1},f € C}"(a,b,k,L),vg € R? the solution v of the initial value problem
(9) — (10) satisfies

W) (2)| < ¢ (x € [k, e NJe{L,...,r+1}), (24)
R (@) = oD (@] < eafa — 1] (@,t € [zr,2pal). (25)

This is well-known. For a proof see e.g. [1].
Next we show the existence of a family of deterministic algorithms satisfying condition
(8) for 0 =r+p+1.



Proposition 4. There exists a family of deterministic algorithms <D2 k) Nke{o "
"/ neNke{0,...,n—

Dg,k : Ch(a,b,k,L) x RY = B([zg, 2511], RY) and a constant ¢ > 0 such that for all
n €N,

ke€{0,....,n—1},f € C;’(a,b,k,L),vo € R the algorithm D%k uses not more than
d[(r +1)(r 4+ 2)/2 + 1] information functionals from A* and satisfies

10— Dp 1 (f, 00l B((ay i) R < €h™TPH, (26)
with v defined by (9) — (10).
Proof. We define an algorithm satisfying the claimed properties.
Algorithm: Let n € N,k € {0,1,...,n—1}, f € C;”(a,b,k, L), vy € R,
Step 0: Put
po(x) := vo + (z — k) f(zk, vo)- (27)

If r = 0 we stop and set D%, (f,v9) := po. Else define p;1; inductively for | €
{0,1,...,r —1}:

Step [+ 1: Let 2141, ==z, + Hilh for i € {0,1,...,1 4+ 1} and let g41(x) be the R%-

valued interpolation polynomial of degree <[ + 1 satisfying

G+1(z1414) = (@410, Pr(zig1)) (t=0,1,...,14+1). (28)

Then we set .
]51.:,.1(1’) =10 +/ CjH_l(t) dt. (29)

zp

Finally D%k(f, Vo) := Pp-

Now we show that there is a constant ¢ > 0 such that for all n, k, f,vg and | €
{0,1,...,r}:

sup  |u(z) — fy(x)| < chl TP (30)

€T, Tht1]



We argue by induction: For [ = 0 we conclude with (9), (5), (6) and (24):

sup  |v(x) —po(x)|= sup |vg+ /x V' (t) dt —vg — /xf(a;k,vo) dt‘

xE[{L‘k,wk+1] xe[zk,wk+1] k

<h sup |f(z,v(2)) = f(2x, v0)]

TE[Tk,Tht1]

<h sup  ([f(z,0(2) = fx,00)| +[f(2;00) = (2R, v0)])

TE[Th, Ty 1]

< h sup  (L|v(x) —vol + K|z — zx]?)

TE[Tk,Tht1]
T
[ v
Tk

< kLh? + kh?Tt < ch Pt

<h sup (L

TE[Tk,Tht1]

+/€hp>

Let Il € {0,1,...,7 — 1}. In step | + 1 we conclude with (28), Lipschitz continuity of f
and the induction assumption (30), that for 0 <¢ <[+1

V' (@141,4) — Q1 (@i1.0)] = [ F (@510, v(@ig14) — F@is1, Di(zig:)]
< Llv(w141,0) — pu(Tig14)|
< Chl+p+1

and because of (25) and Lemma 2 applied componentwise to g = v', a1 = x, b1 = Tg11,
it follows that

sup [V (x) — @1 ()] < b ey max [0 (1414) — G (zi1a)| < chTPTL

€Tk, Tht1] 0<i<i+1
Integration yields
z
sup  |v(z) — Piya(z)| < sup V() — @1 (t)] dt
TE[Tk,Tht1] T€[xR,Tht1] J Tk
< oot

which proves (30). The algorithm uses the following information functionals from ASt:
the d components of vy and d(r + 1)(r + 2)/2 function values of f. O

Lemma 5. There are constants cs,cq > 0 such that for all (f,y0) € F,n e Nyn > 2.k €
{0,...,n — 1} the following holds:

lyk| < c3 and

ur(@)] <ea (2 € [an, Tr1al),

where uy, and y, were defined in (11) — (12) and (15).



Proof. According to (13) we calculate uy; using Dy, in every step k. For every i €
{0,1,...,7} we calculate

(@i, uk,i)

and obtain with condition (4)
< k. (31)

| f (ki ug i)
We conclude using Lagrangian polynomials

sup  |pi ()| < c. (32)

zE[mk,zk+1]

The algorithm calculates in every step &

Thk+1

Yk+1 = Yk + / Pr(t) dt + h(f(Erg1: Pe(&rg1)) — P (Ert1)),

k

hence with (4) and (32)

k1 — Ye| < Ak (@)] + h|(f (Crr1, Pk (Err1)) — Ph(Ers1))]
< ch

and because of (7) we conclude

ma. i| < +n ma. . —ul <e.
ie{o,...,iﬁl} [yil < fyol ie{0 X 1}\yz+1 yil <

yeeey—

Since |ug(x)| = \y;ﬁ—ffk uy (t) dt| and by (4) and (11), |uj(z)| < ¢ for x € [y, Tf11], the
second statement follows. O

Proposition 6. Let 0 < 0 < r+ p+ 1 and let (D k)nenke{o,..n—1} be any family as
described before (see (8) and above). Then there is a constant ¢ > 0 such that for all
(f,y0) € Fyn € N,n > 2 the error of the randomized algorithm satisfies

VEIIS(F,10) — Ap, (f, yo)|& < chmin(r+p0)+1/2

Proof. Let ne Nyn> 2k e€{0,1,...,n—1}. By (8) and (13) we have
[ur (@) = upl < ch’,
which together with (14) and (6) gives

uh(214) — e (T0)| = | f(@ris up(@r) — f(@hi, ups)| < ch’.

By (25) of Lemma 3 we have

|u](€r+1)(x) _ ugurl)(t)‘ < clz —tfP (x,t € |2k, Tpa1])-

10



Therefore we can apply Lemma 2 with g = u}, a1 = @, b1 = x4 and get

sup  [ul(x) — qr(z)| < ch™P + ey max |ul(x) — qrl(api)| < chmnr+ed),
€Tk, Th1] 0<i<r

By the definition of py, this gives

sup [ (x) — ph(x)| < ™0, (33)

TE[Tk,Tht1]

Exploiting pg(zx) = ur(zr) = yi yields

pe = sup  |ug(z) — pr(z)|
xe[xk,karl]
= sup / up(t) dt—/ P (t) dt‘
€[z, 2pp1] 1V 2 T
< Chmin('r—l-p,@)—&-l‘ (34)

Since (34) and (33) correspond to (23) and (25) of [1], the rest of the proof of Proposition
1 in [1] goes through literally, replacing v by min(r + p, §). We do not repeat it here. [

Theorem 7. Let r € No,p € [0,1],y =7+ p and S, F, A% be as in Section 2. Then
there are constants c1,co,c3,cq > 0 such that for every m € N :

em ™Y < (G RN < eym T2

cgm™ 7 < egft(S,F,ASt) < egm™7,

holds.

Proof. Let C =d((r+2)(r+3)/2+1). For any m € N with m > 2C we put

S

and apply the randomized algorithm Apo. This algorithm uses not more than

d(l—i—(T+1)2<r+2)+r+2>n:d((r+2)2<r+3)+1>n:0n§m

information functionals (see Proposition 4 and relations (14) and (15)). Together with
Proposition 6, this implies

(S A < en P2 < eym P2 (> 20).

For m < 2C we use the zero algorithm just giving zero for all algorithm calls. By
assumption |yo| < o, thus ||y||ec < o + (b — a)k and therefore ||y — 0| < 0+ (b — a)k.

11



For the deterministic case we note that each realization of the randomized algorithm
(that is, w € Q is fixed, meaning any realizations of {1, . .., &, are fixed) is a deterministic
algorithm with optimal deterministic error. Indeed, we use the same argument as above,
except that we need one modification in the proof of Proposition 6, or more precisely in
the part contained in [1]: We estimate the middle term of the last line of (40) in [1] by

J
Z i
i=1

max

n—1

<D il <ch™
1<j<n—1 1
1=

and obtain
|y = Flloo < ch™*P. (35)

A similar observation was made in [1]. The lower bounds are immediate consequences
of the results from [1] and [4], since AS* C ASt. O

Remark on the sampling region. Note that Apo samples the function f only in
a neighborhood of the true solution. Let us make this more precise. First, there is a
constant ¢ > 0 such that the algorithm D?L  uses function values of f only in points

(t,2) € [z, 2ry1] x RY with the property
lvg — 2| < ch.

This follows from (9) — (10) and (27) — (30) . Based on this and (32) it follows that
the resulting randomized algorithm samples f for all k& € {0,...,n — 1} only in points
(t, 2) € [z, 2ry1] x RY with

pe(t) — 2| < |pe(t) — pr(er) | + |y — 2| < ch,
——

Yk
which by (35) implies for all sample points (¢,2) € [a,b] x R?
ly(8) — 2| < [y(t) — g()] + [5(t) — 2| < ch™RTPD, (36)

For the case r + p = 0 we use Proposition 2 of [1], which carries over to the situation of
our paper and asserts that there are constants ¢, ¢ > 0 such that for all 7 > ¢; and all

(f? yO) €F
P{IIS(f30) — Apg(f,10)lloe = 7072} = P{|ly = glloe = 7071/} < exp(~ar?).

Thus, for r + p = 0 and any 7 > ¢; the algorithm samples f with probability > 1 —
exp (—&72) only in points (¢, 2) € [a,b] x R? with

ly(t) — 2| < égn~ + Y2 (37)

Remark on scalar equations of higher order. Let r € Ny, p € [0,1],/ € Nk, L >
0,—00 < a < b < oo. Then we denote by C;”(a,b, s, L) the set of functions f :

12



[a,b] x R — R satisfying

D%f(xz,z) continuous (la] < 7),
\Daf( 2 <k (laf <),
D" f(x, ) = )l < wlle =P + |z = 0l”),
|f (z, Z) ( v)| < Llz = v,

for z,t € [a,b], 2,0 € RY. Let 0 > 0 be fixed, fEC’p(ab/iL)andwg—(wlo)e JERS
with |wg| < o, then

w(z) = f(z,wz), v (z),..., 0w (2)), (38)
w(a) =wop, w'(a)=wip,... ,w(é_l)(a) = Wy—1,0, (39)

defines an ordinary differential equation of order £. The complexity of such equations
was considered before in [6] and [7]. In [7] the order of the m-th minimal error for the
randomized setting with AS® was determined up to a gap of an arbitrarily small € > 0 in
the exponent of m. As an immediate consequence of our results we can close this gap
and give the sharp order of the m-th minimal error both for ASt and At

We reduce problem (38) — (39) to a system in the standard way. Let yo(z) :=

w(x),y1(z) == w'(z),...,y_1(x) = w1V (z), then

yé(ﬂf) = y1(x), Yo(a) = wo,p,
y1(x) = ya(x), y1(a) = w1 o,
(40)
Yp_o(x) = yo1(z), Ye—2(a) = we_2,
Y1 (@) = f(z,y0(2), ..., ye-1()), yr—1(a) = wp_1 o,

defines an equivalent system of ordinary differential equations of order 1 and dimension /.
We denote the right-hand side function of system (40) by f5¥%, that is, £ : [a, b] x RY —
RY,

fsys(xv 205 R1y e - 72571) =
f(.T,ZO,Zl, .. ')ZZ—I)

For this system we cannot apply Theorem 7 directly, since f%° does not satisfy condition
(4) for « = 0. But by (38)

w(@)| = |f(z,w(z),...,w" @) <x (2 €lab]),

13



which together with |wg| < o and (39) gives
i(@)| = [wD (@) <o (z€lab,i=L—1,...,0) (41)

for some cg > 0. Let ¢» € C"*1(R) be such that v(t) = t for |t| < 2¢o and (t) = 0 for
|t| > 3cg. Define g™ : [a,b] x RY — R, by

gsys(xaz()a"'aszl) == :
Y(2ze-1)

f(l‘, 20y ey Zg_l)

~

7 (a,b, Kk, L)
= (yi(2))i}

Since 1 € C"1(R), there are constants 1, Ly > 0 such that for all f €
we have ¢*® € C)"(a,b, k1, L1). It follows from (41) that the solution y(x)
of system (40) satisfies

y'(z) = [¥(z,y(@) = g% (z,y(x)) (2 € [a,b)), (42)
y(a) = wo.

Thus we can apply the randomized algorithm from above to ¢°¥® and obtain the same

convergence as in Theorem 7 for ordinary differential equations of order ¢. The corre-
sponding lower bound is contained in [7].

Note that the resulting order-optimal randomized algorithm formally depends on the
choice of ¥ and thus, on the smoothness constants of the class. In the sequel we show
that this can be avoided. By (36) there is a constant ¢; > 0 such that Apo samples g**
only in points (¢, z) € [a,b] x R with

|y2(t) - ZZ‘ < cn’ min(r+p,1) (l = 01 s 7€ - 1)

e min(r+p,1)~
n>\(—
€o

we have |z;| < 2¢g, hence ¥(z;) = z; (i =0,...,2—1) and therefore

Thus, for r + p > 0 and

1

gV (L, 20, -+ z0-1) = [t 20, -5 20-1)-

This implies that the algorithm, if applied to 55, produces the same result as if applied
to ¢%°. Consequently, we obtain the same convergence rate as in Theorem 7 for the
algorithm applied to %5 directly.

14



If r+ p =0, we use (37) and obtain for
= =\ 2 1/2
n>max{203,4<cl> }, T:con ,

Co Co 2

=2
>1—exp <_czzon>

that with probability

all sampling points satisfy |y(t) — z| < ¢p. Arguing as above, it follows that the rate of
Theorem 7 holds with high probability for the algorithm applied to f*° directly.

5 Numerical Results

In this section we present some numerical results. In the first two examples we compare
our algorithm based on a 3-stage Runge-Kutta method with the 3-stage Runge-Kutta
method itself for different test functions f. The maximum of all errors in the sample
points of the interval [a, b] will be displayed in the right-hand graph of the figures.

In Figure 1 we present the error for f(z,y) := g(z)y?, where g € C*(R) as shown in
the left graph of the figure. For this example we observe a gain, with respect to the
convergence of the error, by the randomized method.

0.01

T T T
\ 3-stage-runge-kutta

‘ randomized -------
0.001 F
h
\
5 0.0001 !\
4

1e-005

1e-006

| _— 8 !
: N
‘ 16-007
1e-008
( ) 1 ifxe <1 1e-008 4
xr) = VAYY.
g (z—1241 ife>1 v
1e-010 | =
1e-011 L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Samples

Figure 1: Plot of the error for f(x,y) = g(z)y? in log scale for the y-axis

For another example we chose a more complicated test function g, the highly oscillatory
function g(z) := sin (100zx). In Figure 2 we see, that the gain is even bigger than in the
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first example.

0.0001

T T
3-stage-runge-kutta
\ randomized -------

16-005 |
| \
16-006 |
,
16007 [y .

1e-008

Error

1e-009

g(x) := sin(100z) \ A
16010 b

1e-011

0 50000 100000 150000 200000 250000 300000 350000
Samples

Figure 2: Plot of the error for f(x,y) = g(z)y? in log scale for the y-axis

For a last example we chose a piecewise constant function as g. Here we compared
the randomized method based on the Euler method with the Euler method itself. Our
results shown in Figure 3 confirm that in particular for functions f with low degree of
smoothness a randomized method can be better than a deterministic one.
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