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Abstract

We study the complexity of computing the norm || || (), where f is from the unit
ball of a Sobolev space W, (Q) and Q = [0, 1]¢ is the unit cube. The deterministic case
is a consequence of a general result by Wasilkowski. We consider the randomized setting
with standard information and determine the order of the randomized n-th minimal error.
Furthermore, we discuss problems related to the arithmetic cost of the proposed algorithms
and present modifications of nearly optimal arithmetic cost in the one-dimensional case.

1 Introduction

We study the complexity of computing S,(f) = || f||z,() that is, the L, norm of a function. The
function f is supposed to belong to the unit ball of a Sobolev space W} (Q), where Q = [0, 1]4,
r € Ny, 1 < p,qg < 0o, and we assume that W (Q) is embedded in Ly(Q). We work in the
setting of information-based complexity theory. Information is standard, that is, consists of
function values.

A general result of G. W. Wasilkowski [15] states that in the deterministic setting the n-th
minimal errors of S, are of the same order as those of the embedding J : W (Q) — L,(Q) and
thus can be derived directly from known results on approximation.

It turns out that in the randomized setting such a general result no longer holds. We
determine the order of the randomized n-th minimal errors of S,. For this purpose we present a
randomized algorithm for computing S,(f) of the needed information cost and analyze its error.
Furthermore, we establish matching lower bounds. We provide comparisons to approximation
and integration.

The proposed algorithms both for the deterministic and randomized setting rely on the
knowledge of certain integrals (of powers of the absolute value of polynomials). Except for
a few constellations of the parameters r and ¢ these integrals cannot be computed explicitly
in the real number model of computation. In the case d = 1 we show how to approximate
these integrals in such a way that the resulting algorithms keep the optimal error rate and are
implementable at nearly optimal cost. These results are new also for the deterministic setting.
We also discuss some extensions.

The results of this paper raise many further interesting questions. For example, the infor-
mation complexity of computing other function space norms, in particular Sobolev norms with
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non-zero smoothness index, is unknown. Moreover, the randomized information complexity
under linear information is not studied at all here. The arithmetic complexity for d > 1 is open
and very challenging for many situations, even for those in which the information complexity
is known. This also relates to the deterministic setting.

The paper is organized as follows. Section 2 contains notation, the main result, and some
comparisons to approximation and integration. In Section 3 we present a randomized algorithm
and analyze its error to obtain the upper bounds for the minimal error. Section 4 is devoted
to the proof of the lower bounds. In Section 5 we study implementability in the real number
model of computation. Section 6 contains further discussion, including generalizations and open
problems. In an Appendix, Section 7, we recall the needed formal notions of information-based
complexity theory concerning algorithms and minimal errors.

2 Notation and the Main Result

Let N = {1,2,...} and Ny = NU {0}. Given a Banach space X, we denote its unit ball by
By. All spaces considered in this paper are assumed to be defined over the same field of scalars
K, where K = R or K = C. Given a nonempty set M, we denote by F(M) the space of all
K-valued functions on M. Let d € N, Q = [0,1]¢, r € Ny, 1 < p < co. Let L,(Q) denote the
space of equivalence classes of K-valued, Borel measurable, p-integrable functions, equipped

with the norm
1/p
1l = ( /Q If(ﬂs)|”dx)

[F 1l oc(@) = esssupseqlf(2)]-

For r € N, the Sobolev space W] (Q) consists of all equivalence classes of functions f € L,(Q)
such that for all & = (ay,...,a) € N¢ with |a| = Z?Zl a; < r, the generalized partial

derivative D f belongs to L,(Q). The norm on W) (Q) is defined as

for p < oo, and

1/p

I llwpr = [ D2 1D A1 o)

laf<r

if p < 00, and
1fllwz. @ = max 1D%f |l (@)-

For r = 0 we set W)(Q) := L,(Q). Let C(Q) denote the space of continuous functions on Q,
endowed with the supremum norm.

Let 1 < ¢ < oo. First we note that the embedding operator J : W/ (Q) — Lg(Q) is
continuous if and only if the following embedding condition holds (see [1], Ch. 5):

1<g< o0 and meaXG—l,O)\
P q

or

_ 1

q = 00, 1<p<oo, and §>5 (1)
or

_ 1

q = o0, pe{l,oo}, and %> > )
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Under the assumption of (1), we seek to approximate the (nonlinear) operator S, : W, (Q) — R,
defined by

So(f) = Iy (2)

that is, we want to compute the L, norm of functions from W (Q). We consider standard
information, that is, values of f. We also note that W] (Q) is continuously embedded into
C(Q) if and only if
p=1 and r/d>1
or (3)
l<p<oo and r/d>1/p

see again [1], Ch. 5.

Concerning constants, we make the convention that the same symbol ¢, ¢, co,... may
denote different constants, even in a sequence of relations. Furthermore, we use the following
notation: For nonnegative reals (a,)nen and (b,),eny we write a,, =< b, if there are ¢ > 0 and
no € N such that for all n > ng, a, < cb,. We also write a,, < b,, if simultaneously a,, < b,
and b, X a,. If not specified, the function log means log,.

Our study is carried out in the framework of information-based complexity theory [14, 10],
see also [4, 5] for the precise notions used here. Let F' be a nonempty set, G a Banach space,
S : F — G an arbitrary mapping, K a nonempty set, and A a set of mappings from F' to K.
We interpret F' as the set of inputs, S as the solution operator, that is, the mapping that sends
the input f € F to the exact solution S(f), and A is understood as the class of admissible
information functionals. Thus, the tuple & = (F, G, S, K, A) describes the abstract numerical
problem under consideration.

The error of a deterministic algorithm A is denoted by

e(S,AF,G) = sup 15(f) — A(f)le-

The cardinality of A, denoted by card(A), is the number of information functionals used in A.
Let ede*(S, F, G) denote the n-th minimal error in the deterministic setting, that is, the minimal
possible error among all deterministic algorithms of cardinality at most n. We refer to the
Appendix, Section 7, where for the convenience of the reader the respective formal definitions
are collected. If G € {R,C}, we write ed®*(S, F).

In the case of our norm computation problem (as well as for the related problems of ap-
proximation J and integration I, see below) we want to consider standard information, that
is, function values A = {0, : = € Q}. This needs some care, because, by definition, W (Q)
consists of equivalence classes of functions. Let us first consider the deterministic case. If (3)
holds, we put F' = By (). Each class fewy (Q) contains a unique continuous representative
fo € [ and we set 6,(f) = fo(x). If (3) does not hold, the elements of A = {4, : x € Q} are
not well-defined on By (g). Here we set ' = Byr(g) N C(Q), that is, we consider the (dense)
subset of those f € Bwr (@) which do contain a continuous representative. Furthermore, we put
G =R, § =05, is as defined in (2) above, and K = K.

It follows from a general result of G. Wasilkowski [15], Th. 4.1, that in the deterministic
setting the n-th minimal errors of S, : Bwr (@) — R are of the same order as those of the
embedding J : By (@) — Lq(Q), more precisely

1 € € €
160" (] Bwg@), La(Q)) < €0 (So, Burgia) < €0 (7, Bugg(@): Le(Q)). (4)
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Thus, let us first state known results about the deterministic minimal errors of J. We refer to
[6] and the detailed references to previous results therein.

Proposition 2.1. Assume that (1) holds. Then

3 (J, Buy(q), Lg(Q)) < mr/HHmax(/p=1/a0)p (3) holds
en(J, Bwr ) NC(Q), L(Q)) = 1 if (3) does not hold.

As a direct consequence of (4) and Proposition 2.1 we derive

Corollary 2.2. Assume that (1) holds. Then

eiet(stuW;(Q)) - n—T/d—i—max(l/p—l/q,O) Zf (3) holds
eget(sanW,?(Q) nc@) = 1 if (3) does not hold.

Now we pass to the randomized setting. A randomized algorithm is a family A = (Ay)weq
of deterministic algorithms over a probability space (€2, 3, P). The error of A is defined as

e(S, A, F,G) = sup E | S(f) — Aulf)c-

fer

Let ef"(S, F, G) denote the n-th minimal error in the randomized setting, that is, the minimal
possible error among all randomized algorithms of (average) cardinality at most n. Again we
refer to Section 7 for details, including measurability assumptions.

Here it is convenient to consider the respective Sobolev space of functions (not equivalence
classes), which we denote by Wy (Q); thus f € W) (Q) iff [f] € W (Q), where [f] is the
equivalence class of f with respect to equality up to a subset of () of Lebesgue measure zero.
This is a linear space and ||[f]|lw; () is a seminorm on it (we use though the same symbol
1 fllwy (@ for it). We also write £,(Q) for W)(Q). We put F' = Byyr(q), G =R, S, as defined
by (2) above, K = K, and A = {J, : « € Q}, where now J, has the usual meaning d,(f) = f(x).

In connection with equivalence classes let us mention a useful subclass of the class of all
randomized algorithms. A randomized algorithm A = (A,)ueq for the just defined problem is
called consistent if for all fo, fi € Wi(Q), [fo] = [f1] implies that A,(fs) = A.(f1) holds for
P-almost all w € €2 (this concept was introduced in [6], see also [9], Section 5 for a more general
setting). We do not explore this notion here, but just mention that the algorithms developed
in Sections 3, 5, and 6 are consistent (thus, all error estimates hold for W (Q) and W} (Q)
equally). In view of this we use the notation W7 (Q) only in connection with lower bounds and
randomized minimal errors e}*". As long as upper bounds, algorithms and their analysis are
concerned, we do not distinguish between W7 (Q) and W, (Q) and use the latter notation.

The main result of the present paper is the following

Theorem 2.3. Assume that (1) holds. Then
ezan(sq7 BWT(Q)) — n—r/d—&—max(l/p—l/q,—l/Z)'
In terms of information complexity, see (99) and (100) of the Appendix, this readily implies
Corollary 2.4. Assume that (1) holds. Then

1
ran 1\ 7/d—max(1/p—1/q,—-1/2)
n" (S, BW;(Q)) = . '
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The proof of the upper bound of Theorem 2.3 is given in Section 3, the lower bound is
shown in Section 4. For comparison, let us recall the randomized minimal errors of J (see [6],
[7], and references therein).

Proposition 2.5. Assume that (1) holds. Then
ernan(J’ ng(Q)’ Lq(Q)) — n—r/d-}—max(l/p—l/q,O)‘

First of all, we see that a relation like (4) no longer holds for the randomized setting (the
trivial upper bound holds, of course, but the lower bound does not). Indeed, the exponent of
n for randomized approximation of .S, is smaller than that of J iff p > ¢. The improvement in
the exponent is min(1/q — 1/p, 1/2), thus, it can be as large as 1/2.

For comparison, let us also mention the complexity of integration I : W7 (Q) — R, with
If = [, f(x)dz, see [10], [6], and references therein.

Proposition 2.6. Let r € Ny, 1 < p < oco. Then

ed(I, Byryiq)) =< n"l¢ if (3) holds
eiet(faBW;(Q) neQ) =< 1 if (3) does not hold

eran(LBW;(Q)) ~ por/dtmax(1/p-1,-1/2)

n

)

In the deterministic case, the exponent for integration is smaller than that for norm compu-
tation iff (3) holds and p < ¢; otherwise they are the same. In the randomized case the minimal
errors of integration decay faster than those of norm computation iff ¢ > 1 and 1/g—1/p < 1/2;
otherwise they are of the same order.

3 Upper bounds

Lemma 3.1. Let 0 < a < oo. Then for x,y € R with x,y > 0 and v +y > 0
min(a, 1) max(z, y)* [z -yl < |2 — y°| < max(a, Y max(z, ) e —yl.  (5)

Moreover, if 1 < a < oo, then
=y < |2 =y (6)

Proof. The case v = 1 is trivial. We can assume y > x. We have

Y — 2% = aly — 7) / (21 (y — )™ dr. (7)

For 0 < o < 1 relation (7) gives

1
aly —z)y* ' < |y — 2% < aly —x) / (ry)*tdr = (y — x)y* ',
0

while for 1 < a < 0o we obtain analogously

1
(v 2)y"" = aly — ) / (ry)*Ndr < |y — 2% < aly — 2y
0

Finally, (6) follows from (5) since max(x,y) > |z — y|. O
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To show the upper bounds in the randomized case, we use a construction from [6]. Fix
0<d<landlet k €N. For j=1,...,rlet z; € [0,1 —]? and let 1; be a polynomial on R,
Let P: C(Q) — Lo(Q) be given by

= Zf(zj)%@) (z€Q).

We assume that Pg = g for all polynomials g of degree not exceeding max(r — 1,0). For
example, we could take for d = 1 the Lagrange interpolation operator of degree max(r — 1,0)
and for d > 1 its tensor product, with (z;)%_; the uniform grid on [0,1 — §]%, and (¢;)"_,
the respective Lagrange polynomials. We shall use a randomly shifted version of P. Random
shifts are often used in numerical analysis to improve the behaviour of certain methods, for
example, in quasi-Monte Carlo integration, see, e.g., [3]. Let 6 be a uniformly distributed on
0,6]¢ random variable, defined on a probability space (€,3,P). Moreover, we assume that

6(w) € [0,6]? for all w € Q. For f € F(Q) put
(Pof) ( Zfzj+0 Vi(x—0) (r€Qq). (8)

Let | € Ny and let (Ql)fill be the partition of Q into 2% cubes of side-length 27! and of
disjoint interior. Let x; denote the point in (); with minimal coordinates. Define the operators
Ei i, Ry F(Q) — F(Q) by setting for f € F(Q) and z € Q

(Byif)(x) = flzi+27"2)

and @ —2)) i reQ

2(x — x; it re®;

(Riif)(x) = { 0 otherwise.

For w € Q set

2dl

Pof =Y RiiPyEyf, (9)

i—1

thus

2dl

(Prof)(x Zle Z flai+27'(z + 0))0(2'(x — 2:) = 0) (v €Q). (10)

=1

Lemma 3.2. Let r € Ny, d € N, 1 < p,q < 00, and assume that (1) is satisfied. Then there
are constants cy, ¢y, c3 > 0 such that for alll € No and f € W] (Q) the following hold. If ¢ < oo,
then

Ef = Puofl] )" < c27rtmetemtadd| flly. o), (11)
and if ¢ = oo, then
esssuPeq If — Pofllie@ < 022_Tl+dl/p||f||W;(Q)‘ (12)
If (3) holds, then for each w € §2

If = Piow) fllLgq < ca2 ' maxemt/a0d) pll, o). (13)
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This was shown in [6], Prop. 1 (the condition r/d > 1/p—1/q imposed there can be replaced
by (1), the restriction ¢ < oo can be relaxed to ¢ < oo, both without essential changes in the
proof). The deterministic case (13) is well-known. The proof of Prop. 1 of [6] can easily be
adapted to yield also the deterministic case — just omit the expectations, see also [2], Theorem
3.1.4.

We define two randomized algorithms for S,. For n € N set

- [l »

and
AL () = 1Poo) fll Ly (15)

It follows from the definition (8-10) of Py that A} (f) is X-measurable for each f € W} (Q).
The cardinality of A}, that is, the number of function values used in the algorithm (see Section
7) satisfies card(A, ., f) < cen for w € Q.

Corollary 3.3. Letr € Ny, d € N, 1 < p,q < oo be such that (1) is satisfied. Then there are
constants cy, ¢y, c3 > 0 such that for alln € N and f € W;(Q) the following hold. If ¢ < oo,
then

(E[Sy(f) = Apu (NN < epnr/drmaQe=t/ad)|| £l ), (16)
and if ¢ = oo, then
esssuP,eq [94(f) — Ay, (F)] < con 7/ HmRPmYaO £l ). (17)
If (3) holds, then for each w € Q
So(f) = Ay (£l < egn 7/ drmxQp= a0 £l o). (18)

Proof. Let g < co. By Lemma 3.2,

(E[S,(f) — AL ()Y
1/q
= (& |Iflli@ = 1Pioflizi@]") " < EIIF = Prafllf ()"
< e flyg) < en TP fllyp g

The other cases are handled analogously.
O

The second algorithm will be defined only for ¢ < oo. Here it is convenient to assume that
(Qa 27 ]P)) = (Qb E17 Pl) X (927 227 IEDQ)a

where the random variable 6 described above is defined on the probability space (€21, 31, P1),
so that 0 = 6(w;). Moreover, & = &;(wq) (i = 1,2,...) is a sequence of independent, uniformly
distributed on @) random variables defined on another probability space (s, 35, P5). Let n € N,
let [ be given by (14), and define an algorithm A2 = (A2 )ueq by setting for w = (wy,w,) and

fewy(Q)
1/q

‘/ |(Pogon ) (@) *d + —~ Z(!f(&(wz))\q—I(B,e(wnf)(&(wz))lq) - (19)
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Thus, we approximate the integral by the Monte Carlo method with variance reduction by sep-
arating the main part. It readily follows from the assumptions that A2 (f) is ¥-measurable for
each f € W] (Q). The number of function values used in algorithm A2 satisfies card(AZ ,, f) <
en (w e Q).

Let p; be such that

2<pr<oo if p=oo and q=1, (20)
and

1 1 1 .

—=1+4+-—- if p<oo or g¢>1. (21)

b1 b q

The following is the key result of this section.

Proposition 3.4. Letr € Ny, d € N, 1 < ¢ < p < 00, and let py satisfy (20)—(21). Then there
is a constant ¢ > 0 such that for alln € N and f € W} (Q)

1/ —-r max — —
(E’Sq(f)_Aiyw(fﬂpl) p1 < cn /d+max(1/p—1/q, UQ)HfHW;(Q)

Proof. Since S,(af) = |alS,(f) for a € R and A2 has the same property, we can assume
[ € Bwr(q), | # 0. Using Lemma 3.1, we estimate

1Sa(f) = A2 (D] = [(IFIDYE — (A2 ,(F)D)Y|
< max(I|f]%, A2 ()T |11 = A2(f)
< WMl HIF17 = 40| (weQ).
Consequently,
E|S,(f) — A2, (f)I"
< ALY B - A2 L

P

Ifl2Ne) " E

170 = [1Piafle+ 23 07@1 - (Paf @I

=1

p1

(1 — |Pafl?) - IZ(!f(&N (P

=1

< /15 " EuBe, (22)

Fix w; € Q1 and denote

mio= L f1* =P f17) = (1F (€I = [(Pa (&) -

The 7, are real-valued independent random variables of mean zero on ({2, ¥, Ps). Let u =
min(py, 2). We conclude from (20), (21), and the assumption ¢ < pthat 1 <u <2, u <p; <p

and 1 11 11 1
——l=max|—,- ] —-1=max|-——-,—=]. 23
u (m 2) (p q 2) (2]

It follows (see, e.g., [8], Lemma 2.1) that

P1

I(f1 — |Paf]?) - IZ(If(é})! A0

=1
1 n
Ew2 Ez_l:m

p1 n pi/u
< on (Z (E w2|77z'|p1)u/p1>
= P P < e VB, |IF(€)17 — (P (€I (24)

i=1
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Joining (22) and (24) gives

E[S,(f) = A2 (AP < en? WD 0P B By | £(E0)1 = |(Pof ) (&)™

First we assume g = 1. Then, recalling p; < p, we conclude from Lemma 3.2

EW1EM2||JC<§1)| - |(B,9f)(£1)”pl < Elef - Plﬁf“ilpl(Q) < Cz_p”l < Cn—pw"/d'

Combining (25) and (26), and taking into account (23), we arrive at

(E |Sq(f) . Aiw(‘fﬂpl)l/m < Cn—r/d-l—l/u—l _ Cn—r/d+max(1/p—1,—l/2)’

which concludes the proof for for ¢ = 1.
Now we consider the case ¢ > 1. By (21), p; < p. Let v be given by

1
Lom_y
v p

Then 1 < v < oo. We note that by (21) and (27)

L1 1,1
pv p p q’
hence we have
(¢ —pv = q.

Using Lemma 3.1, we obtain

E o, Eo, || f(E)]7 = |(Piof) (&))"

< @ EuBo (1F6) = (Pl @ (FE)I + (Rah€) V") = ¢ E.

Next we show that

E < 2 (EuEu (|1 +1(Puof) (&)™)

1/v

(25)

(26)

(27)

(28)

(29)

(30)

For this purpose, we distinguish between two cases. First we assume p < oo. Using (27),

Holder’s inequality, and Lemma 3.2, we conclude that

E < (EuEulf(&) = (Puf)E))" " (EuEw(fEN +|(Pof)E)I )

p1/p .
= (Ewl ||f - Plﬁf”ip(Q)) (Ew1Ew2(|f(§1)|q_1 + |(_Pl’0f)(§1)|q—1)plfu)l/

1/v

< 2 (EnE o (IF (€)1 + [(Pof) &)™) ",

thus (30). For p = co we estimate, using Lemma 3.2 again,

N

B < Eu (Ilf = Pl g (£ + (Pl )
< esssup,eq, [ = Pof I o EwEw (€I + [(Pof) ()1
c2” plrlEmez(V(fl)‘q ' + ‘(Pl,ef)(flﬂq_l)pl?

IA

1/v
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which completes the proof of (30), since v = 1 for p = 0.
We have

1/v

(BB (IF(€0)7" + |(Prof)(En)[H))
< ¢ (BuBE, (€7 + [P f)(E)] 7))
< e (BuBulFEIT) " + e (EuE .l Pof) () @)

1/v
S i +c( P18 o))
(@) w1 (@)

1)prv

< dlfIEN o =G (31)

Lig-1)p, o

1/v

1/v

where we used Lemma 3.2 and (28). Joining (25), (29), (30), (31) and using (23) we obtain

(E1Sq(f) = Ai,w(f)’pl)l/m < Mt/ = o/ dmax(1/p=1/0,71/2),

]

The upper bound of Theorem 2.3 follows for p < ¢ from Corollary 3.3 and for p > ¢ from
Proposition 3.4.

Let us note that in the case = 0 there is no need of variance reduction involving P, 9. Here
a simpler algorithm also gives the needed upper bound. Let n € N and define A3 = (A3 )ueq
for w = (w1, ws) and f € L,(Q) by

n 1/q
A = (%Df(@(mnq) . (32)

Corollary 3.5. Let 1 < g <p < o0, and let p; be such that (20) and (21) hold. Then there is
a constant ¢ > 0 such that for alln € N and f € L,(Q)

1/p1 max — —
(E|S,(f) — A3 (A7) < enmaxWp a1/ gy o0

The point is that for » = 0, Lemma 3.2 and the proof of Proposition 3.4 remain true if we
replace P,y by the zero operator.

4 Lower bounds

The proof given in this section follows general lines which are by now standard, but it contains
some new elements (like the non-linearity of S, and the corresponding choice of the measure
on a "non-linear” set, see (35)). We therefore provide full details.
Fix n € N and let
m = {Snl/dw . n=mo (33)

Let w € C*(R?) be such that 0 < w(z) < 1/2 for z € (0,1)? and suppw C [0, 1]¢. Let (Q;)™,
be the partition of @) into closed cubes of side length m ™! having disjoint interior, and let x;
be the point in (); with minimal coordinates and define w; € C(Q) by

wi(x) =wm(z —x;)) (i=1,...,n).
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It follows that for all ()7, € [—1,1]™

i
E oW,
i=1

<
c@)

<cm'. (34)
W (Q)

Y

n
E o W;
i=1

N | —

In the sequel we show two lower bounds. For the first one we assume ¢ < oco. It follows
from (34) that there is a constant ¢(1) > 0 such that for (o)™, € [-1,1]"

A 1/q
<1 + Z oziwi> S c(l)mr
=1

Wi (Q)

(the notation ¢(1) is reserved for this particular constant). For o = (a;); € {—1,1}" put

n 1/q
ho = c(1)'m™" (1 + Z%‘%‘) , H={hy:ae{-1,1}"}, (35)

thus H C By (q) and [H| = 2". Since the coefficients «; in (35) are uniquely determined by
h € H, we also write «;(h). Let v be the counting measure on H. By (101) of Section 7,

ran L
€n (S‘PBW,Z(Q)) > 562ng(SlI’V)‘ (36)

We estimate €5,%(S,, v) from below. Let A = ((L;):2, (1), (:)52,) be a deterministic algo-

rithm with card(A,v) < 2n and let N and ¢ be such that A = ¢ o N, see (97) of Section 7.
Then

card(A,v) = / card(A, fdv(f) = L’ Z card(A, h) < 2n. (37)

F |H heH

Let Hy :={h € H : card(A, h) < 4n}. It follows from (37) that
1
ol > S1H]. (38)

With Yy = {N(h) : h € Hy} and

Hy = {heH:N(h)=y}={heHo:N(h)=y; (ye¥)

we have
(S A ) = =3 1Sy(0) — oV ()] = —= 3 [Sy(h) — p(N ()
’H| heH ’H| heHy
- |—jl| S5 18,0) — o). (39)

yEYo hEHy

Fix y € Y, so that y € R! for some 0 < [ < 4n. First we assume [ > 1. Let y = (y1,...,y)
and let ,, = Ly and 0., = Li(y1,...,vyi—1) (2 <1i <) be the information functionals called for
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this information y1, ...,y (see (92), (93), and (96) of Section 7). Let QY be the interior of Q;.
Define
J = {1,....n}, Jy={jed {z,..., 0} NQ) =0}
Taking into account (33), it follows that
Tyl >n—1>n—4n > 4n. (40)

Let h € H, be an arbitrary element. For each j, € J\ J, there exists an ¢, such that z, € Q?O.
Hence

1/q
Yoo = h(xfo) = c(l)_lm_T (1 " Z aj<h)wj(x€0>> - C(l)_lm_r (1 + aj0<h)wjo(xfo))1/q )

where wj, (x4,) # 0. This shows that

c(1)m”"ye, )¢ — 1
ap(h) = LI 5, )
is the same for all h € H,,, hence
1/q
H, = qc)'m™ |1+ ) Bipw;+ > aw, s (ag)jeg, € {-1,1}7 5 .(41)

JEI\Ty JETy

If { =0, then y = k*, Yo = {k*} and H, = Hy = H (compare (94), (95), and (96) of Section 7),
so with J, = J, relations (40) and (41) hold, as well.

Let (¢;)!, be independent Bernoulli random variables on a probability space (2, ¥, P) with
gilw) € {—1,1} (w € Q) and E¢; = 0. Now we set for y € Yp, w € Q

1/q
fywo = c)7'm 1+ Y Biwwy+ Y ei(w)w; (42)
JEIT\Ty JETy
1/q
Gy = cU)7mT {1+ > Byw - > glww | (43)
JEIT\Ty JETy
Then f,,. and g, have the same distribution and
supmax(|[ fywllo@ lgvello@) < em™. (44)
Furthermore, (41) implies
> IS,(h y)l = [Hy|E[Sq(fyw) = @),
heH,
which together with (39) yields
[Hy|

yeYD
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Using Lemma 3.1 and (44), we derive

E[Sy(fue) — 00)] = ElS,(950) — o0 > SEIS,(fy) — 5ol

1
-3 E ‘ ([’fy,W‘q) e (I‘gy,wm Y

v

1
2—]E max (] fywl? Igywl?)” (a=1)/a I fyel® = I]gyw|®

> em VB 1| fyul? — Tlgyul’|| (46)

Recalling (34), (42), and (43), we observe that

]|fy,w|q -
= ()™ m™" 1|11+ Z Bi(y)w; + Z gj(w N1+ Z Bily Zgj(w)wj
]ej\jy JEJy ]ej\Jy ]ejy
= ()" Im™ <1+ Z B(y)w; + Zgj(w)wj)
JEIT\Ty JE€ETy
—1I (1 + > Bilypw; = > €j(w)wj>
JET\Ty JETy
= ) Im Zej w)lw;| .

JETy

Together with (38), (40), (45), (46), and Khintchine’s inequality, this leads to

|Hy|

e(Sp Av) = em™ E |3 ¢jw)lw;| > em™min |7, [? > en 742,

IS0 ’ | JETy yeYo

Using (36), this implies
™ (Sy, Bwg(q) = en” /2,

for 1 < g < o0.
Now we show a second lower bound. Here we assume 1 < ¢ < oco. Let fy denote the function
which is identically 0 on @), set

w;

Ji= (1<i<n),

[willwr @)
and define the probability measure v on the set {f; : 0 <i < n} by

1 1
S N = (1<i<
v(i{fot) =5, v(lfih) =5 (A<isn)
We have

lwillwsiq) =< m™ ", |lwillL,q) = m™°,
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and therefore
Jwill L, @) _rg1 1

1Sq(fi)] = =n dv (47)
! [willwr @)

Let A be any deterministic algorithm for S, with card(A, v) < 2n and let [ = card(A4, fy). Then
[ < 4n. We first assume [ > 1. Let (J,,)!_, be the sequence of information functionals called
by A at input fy and define

Iy, = {i:1<i<n, fi(z;)=0 forall 1<j<I}.
It follows that
A(fi) = A(fo) (i € Zp) (48)
and
|Zo| >n—4n>— (49)

l\D

If [ = 0, which means that the output A(f) does not depend on f at all, we put Zy = {1,...,n}.
In this case (48) and (49) hold trivially.
It follows from (47), (48), and (49) that

(S Av) > L1S,(o) — AU+ 5= SIS, — AR

=1

> 3 (AU + 18,0 — AU 2 5= SIS,

1€Zo €Ly
|Zo| 1

_ry1l_ 1
2 o min|S,(fi)| = en atra,

which together with (36) concludes the proof of the lower bound in Theorem 2.3.

5 Arithmetic cost

So far we considered the n-th minimal errors, i.e., the information complexity was established.
This means we limit the number of information functionals (function values). The next question
is: can the resulting algorithms be implemented using a small number of arithmetic operations,
say, O(n) or O(n(logn)®) for some a > 0. We adopt a version of the real number model of
computation, see [11]. By arithmetic operations we mean addition, subtraction, multiplication,
division, and comparison of real numbers, as well as the elementary functions In z for z > 0 and
exp(z) for x € R, all of them are assumed to be carried out exactly. Moreover, we assume that
a random number generator is available which produces for each call an element of a sequence
of (ideal) independent, uniformly distributed on [0, 1] random variables. We assign arithmetic
cost 1 to each of the described operations. In particular, we can compute z¥ = exp(yInx) for
x >0 and y € R exactly and at arithmetic cost 3.

Let us first take a look at the deterministic case. Here we assume that W) (Q) is embedded
into C(Q), that is, (3) holds. Note that by (18) for each fixed w € Q the algorithm A}, (f) =
| PLow) f |l L, (@) is order optimal for S,. However, to implement it, we have to compute

(PLo(w) Widz = () dx 00
[ Fsan@ie = 3 [ @i <o) (50
esssup,cq (P )@)| = max, max[Gia)| (g = oc). o1

1<i<2dl z€Q;



August 30, 2018 15

where

= Z flai+27 (25 + 0(w)))ey (2'(x — @) — O(w), (52)

compare (10). The same integral (50) has to be determined for algorithm A? . given in (19).
On the other hand, algorithm A3 |, see (32), can be implemented directly using O(n) arithmetic
operations, which settles the case r = 0, p > ¢ in the randomized setting. The case r = 0 in
the deterministic setting and the case r = 0, p < ¢ in the randomized setting are not of interest
here since there is no nontrivial convergence rate, so the zero algorithm is optimal.

If ¢ is an even integer, |¢;(x)|? is a polynomial itself, and we can compute each of the 2% < n
integrals in (50) exactly in O(1) operations. A similar situation occurs if r = 1, ¢ is arbitrary,
and we use tensor product Lagrange interpolation, because then the (; are constant.

Now we present and study two algorithms based on bisection that will be used to settle
the case d =1, r € N, g € R, 1 < ¢ < o0. The first algorithm approximately determines the
roots of a polynomial ¢ and of its derivatives using bisection. We combine the description of
the algorithm with its analysis in order to motivate the respective steps.

Algorithm B = B(la,bl, ¢, §):

Input: 0 < < 1, a finite interval [a, b] with a < b, and a polynomial {(z) over R.

Output: Let m := deg(. The output is an ordered set ([a;,b;] : 1 < j < L) of L < 2™
closed subintervals of [a,b] of nonempty interior, with b; < a;4; (j = 1,...,L — 1) and the

following properties. If m = 0, the output is ([a,b]). If m > 1, no root of the polynomials
L0 - elongs to Uy_;(a;,b;) an
1o (m=1) el ]L 1 (a; b] d

i (la, ]\ Ui [, b)) < 6(b = a), (53)
where p1; denotes the Lebesgue measure on R!.

Description and analysis of algorithm B: If m = 0, we set B([a,b],(,0) = ([a,b]). If m =1,
( is linear, and we compute its root z*. If 2* & (a,b), we put B([a,b],(,d) = (|a, b]), while 1f
xz* € (a,b), we set B([a,b],(,0) = ([a, x*], [z*,D]).

For m > 2 we use recursion over the degree. Suppose we have already obtained

B([a,b],¢",6/2) = ([¢j,d;j] - 1 < j < M) (54)

with the required properties. Now we change the output set by processing the intervals [c;, d;]
consecutively. By (54), ((x) is strictly monotone on [¢;, d;], thus has at most one root in [¢;, d;].
If ¢(¢;)¢(d;) > 0, there is no root of ¢ in [¢j,d;]. In this case we leave [c;,d;] in the output
set and move to the next interval. If ((c;)((d;) < 0, ¢ has a unique root z* in [¢;,d;] and
we use bisection to approximate it. Let k(d) = [logy(1/6)] + 1. We determine a sequence of

subintervals ([¢; 5, djx])ry of [¢;,d;] with @ € [¢jx, d;i] and djx — ¢;5 = 275(d; — ¢;) for all

k as follows: Put [c;j0,d;0] = [¢j,d;]. Furthermore, let 0 < & < k(J) and assume we already
found [c;, djx]. If
cik +d;j
¢ (¢ir) € (—“"3 5 J”“) <0, (55)
we set Cjpi1 = Ciks djpt1 = %, otherwise we put ¢;xi1 = %(c]k + dj k), dik+1 = djg.
Having completed the k(6) bisection steps, we obtain an interval [c; j(s), dj k(5] of the desired
size

djne) — o) < 2770(d; — ¢5) < =(d; — ¢5),
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which contains 2*. Now we replace [c;, d;] by the intervals [c;, ¢;u@)] and [d} k), d;]. If one of
them is a one-point set, we omit it. The final set of intervals, say ([a;,b;] : 1 < j < L) is the
output B([a, b],(,d). The number of intervals satisfies L < 2M < 2™. Moreover,

i1 ([a, 0] \ U [a;, b))
= ([a, 0]\ UiLyley, dj]) + m (U5Ly [ej, dj] \ Ujylag, b]) < 0(b—a).

This concludes the recursion step.

There is a function ¢ : Ny — (0,+00) such that the whole procedure needs not more
than c(deg () [log,(1/0)] arithmetic operations. Moreover, if a = a(w) and b = b(w) are ran-
dom variables and ¢ = (, is a random polynomial on (2,3, P), that is, a polynomial over R
whose coefficients are random variables, then the output ([a;(w),b;(w)] : 1 < j < L(w)) is
Y-measurable in the following sense: L(w) is ¥-measurable and for each L € Nand 1 < j < L
the functions a;(w) and b;(w) are X-measurable on {w € Q: L(w) = L}.

This is easily seen as follows. First observe that deg (, is measurable. Hence we can assume
w.l.o.g. that there is an m € Ny such that deg (,, = m for all w € 2. Now we use induction over
m. The measurability of ([a;(w),bj(w)] : 1 < j < L(w)) is obvious for m = 0 and m = 1. Next
let m > 2 and assume that the statement holds for m—1. Thus, ([¢;(w),d;(w)] : 1 < j < M(w))
from (54) is measurable. For a fixed M € N we consider the measurable set {w : M(w) = M}
and fix also 1 < 7 < M.

The sets {w : (u(¢j(w))Cu(d;(w)) > 0} and {w : (,(¢j(w))Cw(d;(w)) < 0} are measurable.
On the first set the interval [¢j(w),d;(w)] remains unchanged, thus measurability is obvious.
Now consider the second set. Here we use induction over k to show that ¢;,(w) and d;;(w) are
measurable. For k& = 0 this is obvious. Let 0 < k < k(d) —1 and assume that ¢;,(w) and d; x(w)
are measurable. Hence the set of w € € for which (55) holds is measurable. This proves the
measurability of ¢; ;41 (w) and dj 41(w), completing the induction over k. Since the set of w for
which one of the intervals [c;(w), ¢;jr(s)(wW)], [dj k) (w), dj(w)] is a one-point set is measurable,
this also completes the induction over m and the analysis of algorithm B.

Let0<d<1l,neN l=(logn],we 1<i<2 Q=27 —1),274], and f € F(Q)
(recall that d = 1, thus @ = [0, 1]). With ¢; given by (52) we define the polynomial o; by

(z) = 56
7i(7) { G@)? if K=C (56)
and let
B(Qi,0:,0) = ([aij bij] : 1 < j < Ly).

Note that on each (a; ;,b; ;) the polynomials o;(x) and o}(z) have no roots. We set

2l L

Qn,s = U U(ai,j; bij)-

i=1j=1

Observe that (53) implies
pa (Q\ @ns) < 0. (57)

Now we can settle the case ¢ = 0o, using algorithm B. Since o;(z) is monotone on [a; ;, b; ;]
we have

max |Cz( )| = max(|Ci(aiz)], [ibij)]).

x€lai,j,
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We replace
1 _ _ — .
Anw () = 1P @) = esssuprcq (Ao f)(@)] = max max|(;(x)|
by
max max max(|Glaiy)l [G(big)) = max max = max [G()
= [IX@usPuof i@ = Apus(f)- (58)

The next result provides the error analysis of algorithm A}W s- For this purpose, as well as
for later use, let us mention the following. For each value of 6 the image of the operator Py, see
(8), is contained in the space of all polynomials of degree at most max;<;<, deg;, considered
as functions on Q. Since this space is finite-dimensional, the W (Q)-norm, the L..(Q)-norm,
and the L;(Q)-norm are equivalent on it. Therefore we have (compare (9))

1Poflliw@ = max [RiPoEiifllrey = max [|FoErifl e

l
< cmax [BEifllie < o2 max [|RiFoEif @)

ol
< 2 RPEfllen = 2 Pofll@
=1

and similarly,

l
| Pofllwi = [nax IR Po By f lwa gy < 2 2 1PoEnifllwy@
= 2 1131'8251 ||P9El,if||L1(Q) < C22l||Pl79f||L1(Q)' <59>

Corollary 5.1. Letr € N, d =1, 1 < p < oo. Then there are constants ci,ca,¢c3 > 0 and a
sequence (6(n))nen such that for alln € N

0<d(n) <1, log(1/6(n)) < cilog(n+1), (60)
forall f € W(Q) and w € Q,
[Se(f) = An sy (Nl < can™™ 2| fllwz ) (61)

and the computation of fl}%w’a(n)(f) takes not more than csnlog(n + 1) operations.
Proof. We choose

1
5(n> _ §n7r72+1/p’
thus (60) holds. Together with (57), (59), and Lemma 3.2 we obtain

|Aiz,w(f) - Aiz,w,é(f)‘
= (IR0 — I Prt (| = max | (Paf) @) = mmax [(Prof)(o)

n,é(n)

= max min (|Fef(z)| —[Fef(y)]) < max min )\B,gf(:c)—ow(y)\

zEQ YEQy 5(n) €Q YEQL 5(n

< ||R max min |z —y| < 2% || P max min |r —
< NPoflwmax, min fe =y < 2| RSl max min |yl
< 2 Poflliiom (Q\ Qusmy) < 2 ||Poofllzy@)d(n)

< en?||fllwg@d(n) < en™ VP fllwrq)-
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Now Corollary 3.3 implies (61). The cost estimate follows directly from (58), (60), and the cost
analysis of algorithm B above.
[l

To handle the case ¢ < oo we need another algorithm, which provides an approximation to
fab |¢(x)|"dx for certain polynomials ¢. Let v € R, 0 < v < oco. We expand the function z7 on
(0,00) at the points z; = 3 - 2871 (k € Z) into its Taylor series

R e (62)

where for n = 0 the fraction is to be understood as 1. We have for all n € N

W =1D...o=n+ D] _2y=1... (= [F[+1) _

- < L = () (63
and for all z € [2F, 2~ 1]
27z — g m < 27 D3TEY (64)
Define the polynomial 7 x for N € Ny and z € R
(=1 (=t )
Ten(2) = Z ' '7'1‘ 27"z =)
n=0 )
From (62), (63), and (64) we conclude
sup |27 — men(2)]
2€[2k 2k+1]
< e(n)2®B YT 3T = ()23, a(y) =271737(y). (65)

n=N-+1

Algorithm T., = T ([a, b], (, 0, N):
Input: 0 < 6 < 1, a finite interval [a,b] with a < b, a polynomial ((x) over R which is either
constant or has the property that no root of ¢ and ¢’ is contained in (a,b), N € Ny.

Output: A real number T’ ([a,b],(,d, N).

Description of algorithm T, : If ¢ = (y is constant, we put
T(la, 0], ¢, 6, N) = |¢o|" (b — a).

Now we assume that ( is not constant. We define the algorithm for the case that ( is nonnegative
and strictly increasing on [a, b]. If this is not the case, we replace ¢ by

G = Tog(a;b‘H'OH (I—a;—b)) (66)

no= s (¢(57)). m=sin (¢ (“57)) (67

with
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Compute
ko = [log, max(2((a),0)], ki = [log, ((b)]. (68)
If k, > ki we set

0 if 2¢(a) <6

T bl,(,0,N) = b
’Y([a7 ]7<7 ) ) / Wko_l,N(C(ZE))dZE if 2€(CL) <> 6 (69>
Now let ko < k1. By (68), we have
C(a) < 2M < 2B1=t < ((b) < 2M, (70)

For each k = ko, ko+1, ..., k1 — 1 we use bisection as above with [log,(1/4)] steps to determine
a subinterval [cy, di] of [a, b] containing the unique z} € (a,b) with ((z}) = 2* and satisfying

(dk — Ck) S (5([) — CL).

Define dy,—1 = a, ¢x, = b. We will use the intervals ([dk,cHl])’,;;;})_l (if & > B, the interval
[, ] is understood to be the empty set). We set

( k1—1
> malC@hds i @) <3
k=ko ¥ [dk:Chy1]

k1—1

Z/{d ]Wk,N(C(w))dﬂﬁ it  2¢(a) > 0.

\ k=ko—1

T,([a,b],¢,0,N) = (71)

Lemma 5.2. Under the assumptions on the input stated above the following estimate holds:

[ lewrds -, a.0.¢.5 N)] <(b-a)

x (m I3 gy (51081/68) -+ Tog max((1C sy, 1)+ 2) + cl<v>3N)), (72

with ¢1(7y) given by (65) and (63). Moreover, there is a function ¢ : Ny x (0,00) — (0, +00)
such that algorithm T, needs not more than

c(deg ¢, 7)(logy(1/6) +logy max([|¢]| . (s, 2)) (N + 1) (73)

arithmetic operations. Finally, if a(w) and b(w) are random variables and (, is a random
polynomial on (2,2, P), then T, ([a(w), b(w)], Cw, d, N) is X-measurable.

Proof. 1f ¢ is constant, (72) is trivial. If ¢ is not constant, we can assume without loss of
generality that ¢ is nonnegative and strictly increasing on [a, b], since neither the integral nor
the norms in (72) change if we replace ¢ by ¢; from (66)—(67). It follows from (68) that

ki — ko < log2(1/5) + log, maX(HCHLm([a,bD, 1) + 2. (74)

First consider the case kg > k;. We distinguish between two subcases: If 2¢(a) < §, this means
¢(b) <4, hence

b
/ @) < 56— a),
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and (72) is obvious. On the other hand, if 2{(a) > 4, it follows from (68) that
2 < 2¢(a) < 2¢(b) < 28, (75)
which in view of the assumption kg > k; implies kg = k1. Then (75) gives
ko=l < ((a) < ¢(b) < 2k, (76)
Using (65) and (76), we obtain

b
/ C(@)["dz — T([a,b], ¢, 5, V)

< (b—a) swp |27 =y (@) < a()27®TI3TY <e(9)¢ ()37,

z€[2k0—1 2k0]

and hence (72) holds.
Now we consider the case ky < k;. Using also (70) it follows that

[C(di), Cersn)] © [25, 2" (ko <k < hy —1) (77)
and furthermore

1 (e, 0]\ Upyg [k, cin]) < 0(ky — ko) (b — a). (78)

If 2¢(a) < 4, it follows from (68) that ((cg,) < 20 < 4, hence

| K@pds <570 -a) (79)

From (65), (70), (71), (77), (78), and (79) we conclude

z)|"dz = T,([a, 0], ¢, 6, N>‘

Cko
< [ pde+ / Cla)lds
a (e I\ g [ +1]

k1—1

+ Z I¢(@) " = T v (¢(2))] da

[dk,Crt1]

IN

F1b—a) + (b= )o(hs — ko)) + (=) max  sup [T = mn()

ko<k<ki—1 c[ok 2k+1)
(b—a)(8" + §(ky — ko) (b)Y + c1 ()27 ~D3=N)
(b—a)(0” + 6k — ko)¢(b)" + ex(7)¢(0)737Y), (80)

which together with (74) gives (72).
If 2¢(a) > §, then (68) implies 2k0~1 < ((a). It follows that

[C(a), ¢ (exy)] S [27071, 2], (81)

IN A
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Hence from (71), (77), (78), and (81), we infer that
ki—1
/ ¢ () — Z / T (C(z))dz
[dk,Crt1]

ki1—1

< | Ddz+ 3 / IC@) — mon(C(2))] da
lab\U; L, ko 1[dk»0k+1] k=ko—1 ¥ [dk:chr1]

< (b— _ v
< (b—a)i(k — %K@-Hbanwggﬂmﬁ%Jz N (2)]
< (0= a)(d(k1 = ko)G ()" + 1 (7)¢(0)737Y).

Using (74), this implies (72).

To prove the cost estimate, we note that to compute the integrals in (69) and (71), we have
to determine the coefficients of the polynomials 7 n(¢(z)). With & fixed, this can be done by
successively computing the coefficients of the polynomials ({(x) — z;)" for n = 0,..., N, which
takes c(deg(C),v)(N + 1)? operations. Together with (74) this gives (73). Measurability of T,
is proved in a similar way as the measurability of B. We omit the details.

[
Now we are ready to handle the case 1 < ¢ < co. Set
B g if K=R
7T ¢ if K=C
and let d = 1,7 € N, n € N, [ = [logn], and w € Q. We modify algorithms A}W and A2
defined in (15) and (19) as follows. Let 0 < § <1, N € Ny, 1 <4 < 2!, Q; = [2~ (z —1),274],
let o; be given by (56), and let
B(Qi,0i,0) = (aij, bij] : 1 <j < Ly).
Recall that on each (a;;,b; ;) the polynomials oi(z) and o}(z) have no roots. We replace
fmantaris = 3= [ i3 [ intors
by
2l L
Z TW([ai,j7bi,j]7o-i75a N)a
i=1 j=1
thus the modified algorithms are
)L 1/q
AL o) = DD T(laij,bij), 00,6, N)| (82)
i=1 j=1
and
, 1/q
z 1 n
A wanf ZZT Gigbigl 00 O N) + = (@) = [(Puf)@I)| - (83)

i=1 j=1 i=1

The Y-measurability for each f € W/ ([0,1]) is easily checked based on the measurability
properties of the algorithms B and T, discussed above.
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Lemma 5.3. Let r e N, d =1, 1 < p < o0, and 1 < q < oo. Then there are constants
c1,c2 > 0 such that for all f € Bwyq), n €N, w e, 0<d< 1/2, N € Ny

2l L,

/]Plgf( \qu—ZZT [a;j,bi], 00, 0,N)| < c1(0+ 6 + dlogy(1/6) +37V)

=1 j5=1

and the computation of fli’w’&N(f) needs not more than con(N + 1)?log,(1/5) arithmetic oper-
ations.

Proof. Since, by assumption, > 1, we conclude from (13) of Lemma 3.2

1Pof @ < cllfllwrq < e

Consequently,

2
o050l < 05 (1Pl IR ) < € (849)

and

X0\ s Pofllra@ < 1Pofllie@lX\@usllza@ < et (Q\ Qus)/* < 8. (85)

We estimate, using (72) of Lemma 5.2, (84), and (85),

/|P19f |qu—ZZT la; ;, bijl, 00,0, N)

i=1 j=1

< ‘/mef |qu—22/ Gi()|"dex

=1 j=1
ZZ/ |C1 ‘qu_ZZT alj? 1,5 Uz;(SN)
=1 Jj= 1 =1 j 1
< / (Pof)(x \qu+22 / jo3()[" da:—T([ai,j,bi,j],ai,(s,zv>|
Q\Qn,s i=1 j=1 | @i;j

q Yy Y
< HXQ\QMPI 9f” + 07 + 1<i§r2rll,?>§(j§Li HUIHLDO([%J',I’M‘])

x (8(10gy(1/) + 10gy max(67 . as 0 1) +2) + c1(1)37)
< (6407 + 6logy(1/6) +37N).

Using (73) of Lemma 5.2 and (84), the number of arithmetic operations can be bounded from
above by

02l<10g2(1/5) + max log, max(||o| L. (@) 2))(]\[ +1)? < en(N + 1) logy(1/6).
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Corollary 5.4. Letr e N, d=1,1 <p < o0, and 1 < q < co. Then there are constants
C1y ... cq > 0 and sequences (6(n))pen and (N(n))nen such that for alln € N and w € ) the
following hold:

0<d(n) <1/2, log(1/o(n)) <cilog(n+1), N(n)eNy, N(n)<clog(n+1), (86)

sup S, (f) A’}zw é(n),N(n) (f) < C3n—7”+max(1/p—1/q70)’ (87)
FeBwr@)

and for all f € Bwy(q) the computation of A}Wﬁ(n)’]\,(n)(f) needs not more than cyn(log(n+1))>
arithmetic operations.

Proof. For n € N put
a = 2q(r—max(1/p—1/¢,0)), f=q(r—max(1/p—1/g,0)),
o(n) = 5n™% N(n)=[Blogs(n+1)],
thus (86) holds. Let n € N and w € Q. By (6) of Lemma 3.1 and Lemma 5.3 we have

’A}z,w(f) - A}m,w,é(n) N(n)(f)’

_ 1/q
< /, Poof)(a \qu_zzrv i, big)s 01, 0(n), N ()
Q i=1 j=1
_N@m) )Y
< 0(5 )Y + 8(n) log,(1/6(n)) + 3 )
< C( a/Q+n VQ/Q_{_n a/(24)+n 5/‘1)
< c(n /(20) 4 - 5/q) < e rtmax(l/p=1/4,0)

Now Corollary 3.3 implies (87). By Lemma 5.3, the number of arithmetic operations does not
exceed

en(N(n) +1)%logy(1/8(n)) < enlog(n + 1)%.
[

Corollary 5.5. Letr e N, d=1,1 < g < p < o0, and let py satisfy (20) and (21). Then there
are constants ci, .. .,cq > 0 and sequences (§(n))nen and (N(n))pen such that for alln € N and
w € Q, relation (86) is satisfied,

~ 1/p
sSup (E |Sq(f) - A?L,w,d(n),N(n)(f)lpl> 1 < C3n—r+max(1/p—1/q,—1/2)7 (88)
fe€Bwr (@)

and for all f € Bwy(q) the computation of Anw & )N(n)(f) needs not more than cyn(log(n+1))>
arithmetic opemtzons
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Proof. Put
a = 2¢(r—max(1/p—1/q,=1/2)), = q(r —max(1/p—1/q,-1/2)),
S(n) = Hn, N(w) = [Blogy(n+ 1)],
0 (86) holds. Using (6) of Lemma 3.1 and Lemma 5.3, we derive

|42, (1) = A2 0.0 (F)]

JACCIERS MG IS

i=1
1/q

S T b o 8) N )+ S (@~ (P E)

i=1 j=1 i=1
2 1, 1/q
< /Q (P f) @)tz — 33 Ty ([ai g bil, o0, (), N(n)
i=1 j=1
< ¢ (n—a/q + n—va/q + n—a/(Zq) + n—ﬁ/q)
< ¢ (n—a/(2q) + n—ﬁ/q) < Cn—r+max(1/p—1/q7—1/2)‘

Together with Proposition 3.4 this yields (88). The arithmetic cost estimate follows from that
in Corollary 5.4, since the cost of A? 5(n).N(n) differ from that of Al 5(n).N(n) DY 1Ot more than
cn, compare (82) and (83).

0

Let us note that if K = R and ¢ € 2Ny+1, we do not need algorithm T’,. Since the polynomial
Gi(z) does not change its sign on (a;j,b;;), |Gi(x)|? is a polynomial, hence, fab” |¢i(x)|?dz can
5]
be computed exactly. We replace

2dl

/ (Ru@irr = 3 / G(@)]da

/ Gi(2)|"de = / (Po)(@)l'dz = xqus Prof 1,
1 Qn,6

=1 5=

Using similar methods as above one can show that Corollaries 5.4 and 5.5 also hold for these
algorithms.

6 Extensions, comments, questions

First let us discuss the case that ) C R? is a bounded Lipschitz domain. For the deterministic
case Proposition 2.1 holds true, see [12] and [7], thus, by the previously mentioned result of
Wasilkowsi [15], Corollary 2.2 follows.
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For the randomized setting, let us first note that Theorem 2.3 also holds for bounded
Lipschitz domains. The lower bound proof carries over directly, because one can define the
respective functions w; simply on any cube contained in (). For the upper bounds one has
to replace the operator P,y defined in Section 3 by the respective one from [7], which has the
required properties, see Proposition 3.3 there.

Next we consider the task of computing norms of Sobolev spaces W7 (Q) with s € N (with
Q@ still a Lipschitz domain). So let 1 < s <1 and assume that W (Q) is embedded in W7(Q).
This is the case if and only if

1<g< and %SZmaXG—é,O)\
or

q = o0, l1<p<oo, and %5>% (89)
or

q = 00, p€{l,00}, and = 2% )

(see [1], Th. 5.4). The solution operator is

1/q
. 1D fI7 if g <o
S =1 f ) = Mzg H@
max [Dfllin i g=oo.

In the deterministic case we readily obtain from [15], [12], and [7]

Corollary 6.1. Assume that (89) holds. Then

eget(sés)7 BW[;(Q)) — n—(r—s)/d+max(1/p—1/q,0) Zf (3) holds
edet(S(gs),BW;(Q) NC@) < 1 if (3) does not hold.

n

In the randomized case our results imply an upper bound. We apply the algorithms A;, ,
(¢ = 1,2) from (15) and (19) to partial derivatives of f. Hence, we allow that the algorithm
can also use values of partial derivatives of order not exceeding s, that is,

A={62:2€Q,aecNi |af <s},

with 65 (f) = (D*f)(z). We define an algorithm Ay with : =1 for p < g and ¢ =2 for p > ¢
as follows

1/q

A () = | D A (Df)

lal<s

If t =1, we set v =gq. If t = 2, that is, p > ¢, let p; be such that (20) and (21) are fulfilled and
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set v = p1. By the help of Corollary 3.3 and Proposition 3.4 we obtain for ¢ < oo

(B |50 () - Asz<f>|”)””

1/v
1/q]?
la|<s lo|<s
v/q 1/v
= (B ( > 184D f) A;,W<D“f>\q>
lal<s
1/v
S c| E Z |Sq(Do‘f)_A;’w<Daf)|v
la|<s
< c Z (]E ’Sq(DO‘f) — A;’M(Do‘f”v)l/v < Cn—(T‘—S)/d-‘rmax(1/p—1/q7_1/2)'
la|<s

With the respective modifications this also gives the case « = 1, ¢ = oo. Thus, we obtained an
upper bound on the randomized minimal error. Matching upper and lower bounds remain an
open problem though.

Corollary 6.2. Assume that (89) holds. Then
e;an(s{gs)7BW;(Q)) < n—(r—s)/d—i—max(l/p—1/q,—1/2)‘

Now let us discuss the case r = 0 a little further. Let 1 < ¢ < p < oo. and let (@, Q, 0) be
an arbitrary probability space. Here for f € L,(Q, Q, o) we set

Sq(f) = ||f||Lq(Q7Q79)

n 1/q
AL - (%ZI]‘(&(&}))IC’) ,

where &; are independent Q)-valued random variables on a probability space (€2, ¥, P) with dis-
tribution p. Of course, this is the same as considering f as a random variable over (Q, Q, ¢) and

approximating Sy(f) = (E|f|9)"4 by (237, |fi|q)1/q, where f; are independent realizations of
f. Then Corollary 3.5 holds true in this general situation. Indeed, interpreting I f as

If = /Q f(x)do(x)

the proof of Corollary 3.5 (in other words, the proof of Proposition 3.4, with P,y replaced by
the zero operator) remains valid. As a consequence, we have

Proposition 6.3. Assume that p > q. Then there is a constant ¢y > 0 such that
Sus Beyg0) < cn™ MpVeV2 (¢ ), (90)

ran(
Moreover, if there is a constant co > 0 such that for each n € N there are disjoint (Qy;)7, C Q
with min; o(Q,;) > ca/n, then there is a constant c3 > 0 with

Sq, ng 0,9, g)) > anmax(l/p—l/q,—l/2) (n € N) (91)

ran(
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Proof. The generalization of Corollary 3.5 discussed above yields (90) for p > ¢, while for p = ¢
this relation is obvious. With r = 0 the lower bound proof of Theorem 2.3 in Section 4 goes
through under the assumptions of Proposition 6.3, provided we replace @); by @z, and set
w; = $Xqn,- This gives (91).

m

Conclusion. Summarizing, we can say that the information complexity of norm compu-
tation is well understood in the deterministic setting, due to Wasilkowski’s result [15] on the
equivalence to approximation (not only for standard information, but also for arbitrary linear
information) and numerous results on approximation. In the present paper the randomized in-
formation complexity for standard information is settled for some classical norms and function
spaces. In particular, these results show that such an equivalence to approximation does not
hold in the randomized setting. Important classical cases remain open (see, e.g., Corollary 6.2).
The randomized setting for linear information was not touched at all. Finally, the arithmetic
complexity of norm computation is far from being clear both in the deterministic and random-
ized setting, even in many of those cases of classical function spaces, where the information
complexity is known. See also [16], p. 273, for a related open problem.

7 Appendix: General algorithms and minimal errors

In this section we recall the needed notions from information-based complexity theory [10, 14],
following [4, 5] and put in a form convenient for this paper. Let & = (F,G, S, K,A) be an
abstract numerical problem as described in Section 2. We introduce the classes of deterministic
and randomized algorithms. Let F(A, K) denote the set of all functions from A to K. In the
sequel it will be convenient to consider f € F also as a function on A with values in K by
setting f(A) := A(f).

A deterministic algorithm for &2 is a tuple A = ((L;)2,, (1:)20, (¢:)2,) such that Ly € A,
70 € {0,1}, po € G and for i € N

Ly K'—= A, 7:K' —{0,1}, ¢:K =G

are arbitrary mappings. Given f € F(A, K), we associate with it a sequence (\;)$2, with
A € A, defined as follows:

M=Li, N=Li() . ha(f) (>2). (92)

Define card(A, f), the cardinality of A at input f, to be 0 if 7 = 1. If 7 = 0, let card(A, f) be
the first integer n > 1 with

Tn()‘l(f)7v)‘n(f)) =1, (93)

if there is such an n. If 7y = 0 and no such n € N exists, put card(A, f) = +00. Observe that
we have the following alternative: Either

card(A, f) =0 forall fe F(A K) (94)

or

card(A, f) > 1 forall fe F(A K). (95)
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For f € F(A, K) we define the output A(f) of algorithm A at input f as

A(f) =

©o if card(A,f)=0 or card(4,f) =00
On(AL(f), .-, A(f)) if 1 <card(4,f)=n < c.

Define k* = K and K° = {k*}. (This is a technical definition which guarantees that K° is a
one-element set whose element does not belong to any K* for i > 1.) Let K = UX K* and
define a mapping, the information operator, N : F(A) — K> as

N(f) = { k* e K° if card(A,f)=0 or card(4,[f) =00 (96)

() Malf) € K™ if 1< card(A, f) = n < oo.

Furthermore, define a mapping ¢ : K — G by setting for a € K

Vo if a=Fk"
p(a) = e n
onlay,...,;a,) if a=(ay,...,a,) € K", neN.

This gives a convenient representation A = ¢ o N, that is,

A(f) = e(N(f)) (f € F(\K)). (97)
Now let F' C F(A, K) be a nonempty subset. We define

card(A, F') = sup card(A4, f).

fer

Furthermore, given a mapping S : F' — G, the error of A in approximating S on F is defined
as

e(5, A F,G) = Sup 15(f) = ANlle-

(both quantities can assume the value +0c). Given n € Ny, we define A%Y(F, G) as the set of
those deterministic algorithms A for & which satisfy

card(A, F) < n.
The deterministic n-th minimal error of S is defined for n € Ny as

edt(S, F,G) = inf (S, A FQ).

A€ Adet(F,G)

It follows that no deterministic algorithm that uses at most n function values can have a smaller
error than ed(S, F, Q).
A randomized algorithm for & is a tuple

A= ((Q,%,P), (Au)uea),

where (€2, X, P) is a probability space and A,, is a deterministic algorithm for & for each w € €.
Givenn € Ny and F' C F(A, K), we define A;*"(F, G) as the set of those randomized algorithms
A for & which possess the following properties: for each f € F' the mapping

w € Q — card(A,, f)
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is X-measurable and satisfies
E card(A,, f) < n.

Moreover, the mapping
weQ—A(f)eqG

is >-to-Borel measurable and essentially separably valued. Given a mapping S : F' — G, the
error of A € A*"(F,G) as an approximation of S on F' is defined as

e(S, A, F,G) = sup E[IS(f) = Au(Hlle- (98)

The randomized n-th minimal error of S is defined for n € Ny as

e (S, F,G) = inf  e(S, A F,G).
A€ A (F,G)
Consequently, no randomized algorithm that uses (on the average) at most n information
functionals has an error smaller than e}**(S, F\,G). Note that the definition (98) involves the
first moment. This way lower bounds have the strongest form, because respective bounds for
higher moments follow by Hoélder’s inequality.
Given ¢ > 0, the information complexity of S is defined by

n¥*(S,F,G) =min{n € Ny : (S, F,G) <e} (set € {det,ran}), (99)
if there is such an n, and
WS, F,G) = +oo, (100)

if there is no such n. Thus, n5**(S, F, G) is essentially the inverse function of the minimal error,
and it follows that any deterministic, respectively randomized algorithm with error < ¢ needs
at least nde*(S, F, G), respectively n™*(S, I, G) samples.

Now let v be a probability measure on F(A, K) whose support, denoted by suppv, is a
finite set. For a deterministic algorithm A put

card(A,v) = /;E(A o card(A, f) dv(f)
e(S, A,1,C) = LMMW%ﬂ—AUWGWU)

and let A € A28(v, G) be the set of all deterministic algorithms A with card(A, v) < n, where
n € Ny. Define the average n-th minimal error as

ee(S,v,G)= inf (S, A v G).
A€ AL E(v,G)
If suppr C F, then
1
(S, F,G) = 55,5 (S,v, G). (101)

This is the well-known relation between randomized and average case setting, going back to
Bakhvalov, see [10, 13].
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