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Abstract

We study the randomized approximation of weakly singular inte-
gral operators. For a suitable class of kernels having a standard type
of singularity and being otherwise of finite smoothness, we develop a
Monte Carlo multilevel method, give convergence estimates and prove
lower bounds which show the optimality of this method and establish
the complexity. As an application we obtain optimal methods for and
the complexity of randomized solution of the Poisson equation in sim-
ple domains, when the solution is sought on subdomains of arbitrary
dimension.

1 Introduction

In a number of papers Monte Carlo methods for the computation of integrals
depending on a parameter, integral operators and the solution of integral
equations were proposed and studied, see [3, 18, 14, 15, 16, 20, 21]. The
complexity of these problems in the randomized setting was investigated in
[5, 6, 10]. There a new type of Monte Carlo methods — multilevel variance
reduction — was introduced and shown to be optimal for such problems.
These multilevel methods assumed the smoothness of the integrand (ker-
nel) in the whole domain, while typical kernels in applications often possess
(weak) singularities.

In the present paper we study this situation. We propose a multilevel
Monte Carlo method for the approximation of integral operators, which
takes care of the singularity. We analyze its convergence rate, prove lower



bounds, determine the complexity of the problem and establish optimality
of the method.

As an application we study the following model problem: the solution
of the Poisson equation in a d-dimensional ball, with homogeneous Dirich-
let boundary conditions, and the solution being sought on a subcube of
arbitrary dimension. Optimal algorithms are derived.

Basic facts on Monte Carlo methods can be found in [2, 11, 14, 15]. For
general background on the theory of information-based complexity, within
the frame of which we carry out our investigations, we refer to [17, 19, 4].

2 Preliminaries

We shall use the following notation. Let d € N (where N always means
{1,2,...}, while Ny stands for NU {0}). For a bounded Lebesgue measur-
able set Q@ C R? of positive Lebesgue measure we let Lo, (Q) denote the space
of essentially bounded real-valued Lebesgue measurable functions on @), en-
dowed with the essential supremum norm. If Q C R? is closed and bounded,
we let C'(Q) be the space of continuous functions on @, equipped with the
supremum norm. If, moreover, () is the closure of its interior points, and
s € N, we let C*(Q) be the space of continuous real functions on @ which
are s-times continuously differentiable in the interior @Q° of @, and whose
partial derivatives up to order s have continuous extensions to ). The norm

on C*(Q) is defined as

flloscoy = max sup | D f(x)].
Iflle+i@) = i sup | D° ()

The subspace of C(Q) (respectively, of C*(Q)) consisting of those functions
which vanish (respectively, vanish together with all derivatives up to order
s) on the boundary of @ is denoted by Co(Q) (respectively, C5(Q)). For
normed spaces X and Y we let L(X,Y) denote the space of all bounded
linear operators from X to Y, and Bx = {u € X : |lu]|x < 1} the unit ball.

Let us introduce the problem we study. Given two sets M,Q C RY,
a kernel function k£ on M x @ and a function f € L (Q), we seek to
approximate

(T f) (x) = /Q k(e 9)f(y)dy (x € M),

considered as an operator into Lo, (M), that is, the error being measured in
the norm of Lo (M). Now let us specify the assumptions.



Let di,d € N, d; < d, let M = [0,1]% be the d;-dimensional unit
cube and let Q@ C R? be bounded, Lebesgue measurable, and of positive
Lebesgue measure. In the case di < d we shall identify M with the subset
0,11 x {0(@=d)} of R?. 1In this sense, let diag(M,Q) = {(z,z) : = €
MNQ}.

Next let us specify the class of kernels. The following notation will be
helpful. For 7 € R and z # y € R? define

|z —y|” if 7<0,
Vr(@,y) = [Infe—yl[+1 if 7=0, (1)
1 it 7>0.

Let s € Nand 0 € R, —d < 0 < 400. We introduce the following set
of kernels C*?(M, Q). It consists of all Lebesgue measurable functions & :
M x @\ diag(M, Q) — R with the property that there is a constant ¢ > 0
such that for all y € Q

1. k(x,y) is s-times continuously differentiable with respect to x on
MO\ {y}, where M means the interior of M, as a subset of R%,

2. for all multiindices a € NJ' with 0 < |a| = ay + --- + ag, < s the
a-th partial derivative of k with respect to the z-variables, which we
denote by D%k(x,y), satisfies the estimate

IDgk(z, )| < ¢Yomjal(@,y)  (z€ MO\ {y}), (2)
and

3. for all o € Ngl with 0 < |a| < s the functions DSk(z,y) have contin-
uous extensions to M \ {y}.

For the sake of completeness we also want to include the case d; = 0
into some of the results. Here we put M = {0} C R The set C*°(M, Q)
does not depend on s and consists of all functions & (0, y) which are Lebesgue
measurable in y and satisfy

£(0,9)] < ¢75(0,y)  (y € @\ {0}) (3)

for a certain ¢ > 0. The target space Lo, (M) is then understood as replaced
by R, that is, the operator T}, acts from L (Q) to R.

For k € C*7(M, Q) let ||k||¢s.c denote the smallest ¢ > 0 satisfying (2).
It is easily checked that ||.||¢s.c is a norm, which turns C*?(M, Q) into a



Banach space. Examples of kernels in C*? (M, Q) include the weakly singular
kernels

k’(.’IJ,y) - h(l’,y)’% - y‘aa
for —d < o0 < +o0, 0 £ {0,2,4,...}, and
k‘(:v,y) = h(l’,y)kﬁ - y|01n |3§' - y|7

for even o > 0, where h is Lebesgue measurable on M x @, h(.,y) is in
C*(M) for all y € Q and

sup [[h( ., y)llos () < o0
yeq

This is easily checked by differentiation. In particular, for m € N, the
fundamental solution of A™, the m-th power of the Laplacian in R?, has,
up to a constant factor, the form

=y,
if 2m < d or d is odd, and
o =y In |z — y|
if 2m > d and d is even. Clearly, if k € C*?(M, @), then
Ti, € L(Loo(Q), Loo(M)).

In fact, Ty, maps Loo(Q) into C'(M), but since our approximation will be
piecewise continuous, we prefer to work in L. (M).

3 The algorithm and its analysis

Throughout this section we assume d; > 1. First we present some approx-
imation tools needed later. We are concerned with partitions, meshes and

interpolation operators on M = [0,1]% exclusively. For I = 0,1, ... let
ng
M =My (4)
i=1

be the partition of M into
n, = 2d1l



closed subcubes of sidelength 27! and mutually disjoint interior. Let I}
be the equidistant mesh on M with mesh-size 27/(max(1,s — 1))~! and
Iy =TyN M. Let By : loo(T';) — Ey; be the multivariate (tensor product)
Lagrange interpolation on I';;, where Ej; is the space of multivariate poly-
nomials on Mj; of degree at most s — 1 in each variable (thus, we consider
the maximum degree). It is convenient for our purposes to identify Ej; with
a subspace of Lo (M) by continuing the functions as = 0 outside of M;;.
For our algorithm we also need the interpolation pieces of level [ + 1,

collected on M;;. Put
By = Z Eiy1,

Ji My, ;CSMy;

(the sum is meant as a sum of subspaces of Lo (M)),

= U Tuw
Ji My, CSMy;

and define Py; : £ (T'y;) — Ey by

Diu = Z Pl+1,j(U|Fz+1,j)‘
J:Miyy1,;SMy;

So ]511 is just composite Lagrange interpolation (with respect to the pieces
M1 € My;). Note also that since we are working in Lo (M), functions
being equal except for a set of Lebesgue measure zero are identified. Set

Observe that this sum of subspaces is direct. The space Ej is just the space
of piecewise polynomials on M of maximum degree at most s—1 with respect
to the partition (Mj;);", with no correlation at the interfaces. Note further
that Ey; C Ey; C Eipq and E; C Ejyq. Define P : loo(T;) — E; by setting
for u € {oo(I')

ny
Pu =" Py(ulr,,).
i=1
Thus P, is the corresponding piecewise Lagrange interpolation operator. For
f e C(My) or feC(M) we write P f instead of P;(f|r,,), and similarly
Py f and P f. Then we have

Pif= Y, Puyf  (feC(My)

Jr Mygq,;SMy;



Pf=> Pif (f€C(M))
=1

Pf= Zplzf (f € C(M)).

i=1
We need the following well-known properties of the operators just defined
(see, e.g., [1]): There are constants cy, ca,c3 > 0 such that for all I and 1,

[P : boo(L'1i) = Loo(M)|| < 1 (5)
and for f € C*(My),
1f = P fll Looar) < 227" Fllosany): (6)
and hence also
(P — Pi) fl o 0ty < 3271 Fllos a - (7)

Unless explicitly stated otherwise, throughout this paper constants are ei-
ther absolute or may depend only on the problem parameters dy,d, s, o, Q,
but neither on the input functions k£ and f nor on the algorithm parame-
ters m,n,l,i etc. Furthermore, we often use the same symbol ¢, cy,... for
possibly different positive constants (also when they appear in a sequence
of relations). Finally, log always means log,.

Now we are ready to describe the algorithm. Fix any final level m € N.
We shall approximate

m—1

Tif = PuTif = PTef+ Y (Pia— P)Tif
=0
m—1 ny

PoTy f + Z Z(Plz — Py)Ty f. (8)

=0 i=1

To approximate PyT} f, we need approximations of

(Tof) (@) = / k() () dy
Q
for x € T'y. Define

o=sup{lzr —y| : x € M,y € Q}. 9)



In the sequel, B(z,p) will always denote the closed d-dimensional ball of
radius o around x € RY.  We shall use importance sampling. For this
purpose, define for z € T'y a probability density on B(z, g) by setting

P y) =0(z,y)/a!”  (y € B(x,0)

(recall the definition of 7, in (1)), where

al® =/ %(w,y)dyz/ Y5 (0, y)dy.

It follows that for x € T’y
j/ k(o) f(y)dy = j/ k() f (9)xo(y) dy
Q B(z,0)
- /L( Ak 0)awr ) dy
x,0

= / 99 (z,y)p0 (y) dy. (10)
B(z.0)

Here ¢ (z,y) is defined for z € Iy and y € B(z, 5) by

0O () = { aOk(z,y) f(y)ry (z,y) if yeQ\{z} )

0 otherwise.
Let N(© € N, to be fixed later on, let
0 .
é-:(ﬂj) (CCEP[),]ZL...,N(O))

be independent random variables with density pé‘)), on some probability

space (£, X, ). Our approximation to (T f)(z) will be

ték@wﬁ@ﬁwzwp,

where
N(0)

1
& = 5w z; 9@, &3) (@ €To). 12)
p

Now we construct approximations for the summands in (8) corresponding
to the [-levels. For [ =0,1,... and ¢« = 1,...,n; let x;; be the center of M;



and set

o = +/di2771  (the radius of the sets Mj;),

ly|7dy if 0<0
o = [ awdy=[ {(mlll+ndy it o=0 (13)
ly| <30 ly| <30 )
dy if o>0.
by = / Yo—s(0,y)dy
201<|y|<o
ly|”~*dy it 0—-s5<0
_ / (gl + 1) dy if o—s=0 (14)
20<|y|<e .
dy if 0—s5>0.

Fix [ € {0,...,m — 1}. We shall approximate
(Pi — Pi)Tx.f

by constructing approximations of (T} f)(x) for € T';;. We split the integral
into a local, weakly singular part and a global, smooth part,

The) = [

B(z13,201)NQ

K Syt [ ks (09

each integral of which will be approximated separately by a Monte Carlo
scheme, for = € I'y;, using importance sampling again. For the first one,
define for each x € '

(W) =a; e (z,y) (v € B(z,3a)), (16)

which is a probability density on B(x,3¢;), since by (13),
/ Yoz, y)dy = / Yo (0, y)dy = a;.
B(z,30;) B(0,301)
Observe that B(xy;,20;) C B(z,30;) for all z € I';i. We have
/ Mo )iy = [ K )X 200r(w) dy
B(z14,201)NQ B(z,301)

= / alk(ma y)f(y)XB(:pli,le)ﬂQ(y)%;l(xv y)plx (y) dy
B($,3gl)

= / a1i(x, y)pie(y) dy, (17)
B($,3gl)

8



where gj;(z,y) is defined for x € I'}; and y € B(x,30;) by

, _ | ak(z, ) fy)y (zy) if oy e Blay,20) NQ\ {z}
9i(%,y) = { 0 otherwise. (18)
Let Ny e N(1=0,...,m—1), also to be fixed later on, let

bej (1=0,...om—1,2€l4,j=1,...,N)

be independent (also of 5;2)) random variables on (€2, X%, 1) with density p;,
given by (16). Our approximation to the first integral in (15) will be

[ ke )y o,
B(z13,201)NQ
with

N,
1 .
Prie = 3 > i@ bey) (@ eTy). (19)
i=1

To approximate the second integral in (15) for x € fli, we let
Ci ={y €R?: 20 < | —y| < 8}

where g was defined in (9). Note that Q \ B(zy;,20;) C Cy;. Thus, if 29, > o,
the second integral in (15) is zero. If 2¢; < g, define a probability density
qi; on Cy; by setting

QZi(y) = bl_l'ya—s(l'lia y)

which is justified since

I,

For any x € Mj;; we have

Yo—s(T13,y)dy = / Yo—s(0,y)dy = b;.

201<|y|<o

i

/ ko)) dy = / bik(z, ) F () @) s (e )i (4) dy
Q\B(x13,201) Cii

= [ hule ) dy, (20)
Cri
where hy;(z,y) is defined for x € Mj; and y € Cy; by
, bk y) f (), (s, y) i y e Cin@Q
hui(w, y) = { 0 otherwise. (21)



Let m; (1=0,...,m=1,i=1,...,n,j=1,...,N;) be independent (also of

{562-) and ;) random variables with density g;;. We approximate for z € f‘h»

/ k(e ) [ (y) dy ~ i,
Q\B(x13,201)

where

Viiw 1= N%Zj\[:ll hui(z,mig) i 200 <o (22)
e 0 if 20, > o.

Our final approximation will be

,_.
S

m— l

0= PO ( gpx rel"o) + Z Plz Plz ([Solwc + "l)lw]repl ) (23)
=0 =1

This completes the description of the algorithm.
Now we analyze its error. We shall consider the expected mean square
error

e(0) = (E(|Tuf = 0lI7 _an) ">
The cost of the algorithm @ is defined as

cost (6 0) 4 Z n N

— up to a constant this is the total number of needed function values (of k
and f), arithmetic real number operations and random variables (of type &
and 7).

We need the following lemma, which is a consequence of Propostion 9.11
of Ledoux and Talagrand [13], see also [5].

Lemma 1. There is a constant ¢ > 0 such that if n,N € N and (Cj)é\le is
a sequence of independent (7 ~valued random variables with E||(;||2, < oo
for all j, then

N N
Var(z Cj)gn <c lognZVar(Qj)ggo, (24)
j=1 e Jj=1

where Var(¢)z := E||¢ — E(||% denotes the variance of a random variable ¢
with values in a Banach space Z.

10



To state the following proposition, define (§ (this parameter will describe
the powers of the logarithmic term) as

( 0 if n(s,d+o) >4
3 if min(s,d+o)=% and s#d+o
8= 3 if min(s,d+0)=% and s=d+o (25)
%}d*") if min(s,d+0) <% and s#d+o
| 2do) 19 if min(s,d+0) <% and s=d+o.

Proposition 1. Given 1 < di < d, and M,Q,s,o0 as above, there are
constants c1,ca > 0 such that for each n € N with n > 2 there is a choice
of parameters m, N, (N)"5" such that the algorithm has cost(9) < cin
and, for each k € C>7(M,Q) and f € Loo(Q), the error satisfies

dt+o

— min( 2 1
e(0) < can” ™™ (@G58 (tog )Pk cee | f 110

For the proof we need some preparations, including a number of lemmas.
First note that the algorithm is bilinear in £ and f, and so is the solution
Ty f, thus, we can assume without loss of generality that

[Ellese <1, 1 fllee(@) <14 (26)

We rewrite the algorithm into a form which is convenient for our analysis.
Setting for j =1,..., N©),

¢ = Po (199, aers ) (27)

and for [ =0,....m—1,5=1,..., Ny,

ny

Gj =Y (P — Py) ([gh(m,fmj) + hui(z, ”lij)]wefh) ’ (28)

i=1

we obtain independent, Lo (M )-valued random variables, with ¢ J(-O) taking
values in Ey and (;; taking values in Ejq. By (12), (19), (22), and (23) we
have

;_A

N(0) m— i

SRR I W (29)

QZL
N

11



Lemma 2. The error can be estimated by

e(0) < |Twf — PuTif| + (E [0 — EO|*)"?,

(30)

with a deterministic part |Txf — PnTxf|| and a stochastic part (E |0 —

I 9|[2)1/2.

Proof. From (10), (17), and (20) it follows that

B(" =ER ([0 @,6 leer) = o [

and

E G;

Hence

Q

ny

E Z(Plz - Py) ([gli(ﬂf, §izj) + hui(, nlij)]mef“)

i=1
ny

S (B — Py) /Q k(..u)F@)dy = (Piys — B)Tef.

i=1

EQ = P, T} f.

By the triangle inequality,

e(0) < ||Tuf — PuTif| + (E[|6 —E0|*)Y/2.

k(. y)f(y)dy = PoTy f

O

We need the following relations, which follow directly from the definitions
of the a; and b; in (13) and (14) (recall also that we assumed —d < o): For

[ € Ny,

and

2~ (d+o)l if o0<0
aq<c] (I+1D274 if =0
2—dl if o>0

o-(dto=s)l jf 5 _s5< —d
by<ecg 1+1 if c—s=-d
1 if o—s5>—d.

(31)

(32)

Observe also that for [ € No, z € My;, and y € Cy; = B(xy, 0) \ B(zi, 201),

we have

Y

|z — vl 20

1
lz;—z| < o< 5’5%‘ -,

12



and hence
1 3
§|$lz‘ -yl <|z—yl < 5\1’“ —y| (z e My, yeCy). (33)

Finally, define

@= { (1) i>fthe51~v_vi:§le.Jr 0 (34)
We begin with the estimate of the deterministic part in (30).
Lemma 3. The deterministic part of the error satisfies
| Txf — PoThf|| < ¢ (m@o2™min(sdta)m oy, g=dmy, (35)

Proof. Define the restriction operator Ry, : Loo(M) — Loo(M) for f €

Lo (M) by
(Rmif)(y) :{ g ) :)fthgrv%/iszgmi

and let I be the identity operator on L. (M ). Then

Tof — PuTif = (I Pu) /Q k(- y)f(y)dy

= Y Rui — Pri) /Q R f)dy.  (36)

i=1

It follows from (2), (13), (26), and (31) that for x € My,

/ k(z,y)f(y)dy < / Yo (,y)dy
B(Zmi,20m)NQ B(z,30m)

= / 70 (0, y)dy
B(Ov?’Qm)

¢ (27 droIm |y g=dmy, (37)

IN

Furthermore, from (2), (26) and (33), for @ € NI, |a| < s, 2 € M,

Di‘/ k(z,y)f(y)dy| < / Yo o) (T, Y)dy
Q\B(mi 20m) Q\B(%mi,20m)

< C/ 7crf|a\($mi7y)dy
Q\B(xmi72gm)

< c/ Yol (0,y)dy.  (38)
2Qm<‘y|§§

13



Using (14) and (32), we derive from (38)

‘ / k(. 9) f(y)dy
Q\B(zmi,20m) C%(Mmi)

o-(dto—s)m it 5 _ < —(d
< c{m if o—s=-d (39)
1 if o—s>—d.

From (37) and (5) we conclude

c (2—(d+a)m +m 2—dm)’

(R — Prot) / k() F(y)dy
B(@mi,20m)NQ Loo (M)

while from (39) and (6) it follows that

(Ros — Prt) / k() (w)dy
Q\B(xmwQQm) Loo(M)

< em®2~ min(s,dJro)m' (40)
By (36), this yields the needed estimate:
||Tk‘f - PmTk:fH S C (maOQ_min(Svd""U)m + m2—dm)
]

Now we turn to the stochastic part in (30). We need two different esti-
mates of it.

Lemma 4. The stochastic part of the error satisfies
(E[l0 —E0|*)"/?
< cml/z((N(O))_1 +

o\ 1/2
Z N ( l+1 aOQ—mln(s d+o)l (l—i—l) 2—dl) > ’ (41)

where ag was defined in (34). Furthermore,
E]6—E]*)"?
< C(N(O))_l/2 +

,_.

c l+ 1 1/2N 1/2 ((l+ 1)a02—min(s,d+0)l + (l+ 1) 2—dl) ) (42)
=0

14



Proof. 1t follows from (2) and (11) that

sup g0z, y)| <e (43)
LL‘EFO, yEB(l’,@)

and from (2), (18), and (31) that

~sup lgui (2, y)| < c (27 4 (14 1)27%), (44)
z€ly;, yeB(x,301)

Using the assumptions on k and the definition (21) of hy;, it is readily seen
that hy(.,y) € C*(My) for all y € Cj;. Moreover, (2), (32), and (33) imply

Yos(x,y
sup [|hu( s Wllesn,)y < cb sup Do=s(@:y).
yeCy; x€My;,yeCy; ’Ya—s(fUli, Y)
o~ (dto=s)l if 5 _5< —d
< e <eq 1+1 if oc—s=—-d
1 if o—s5>—d,
and hence, because of (7),
sup [|(Pi — Pu)hui( - 9) b (0
yeCy;
< e27 sup i, y)llowu < €1+ 1002 mREA (45)
yeCy;
Note that
124! < dim E; < 2%, (46)
Furthermore, the spaces F; (I =0, ..., m), considered in the norm of Lo, (M),

are uniformly ismorphic to 4™ in the sense that there exist linear iso-
morphisms Uj : Egém Er _ F; with

ol 107l < e,

where ¢ is independent of [ and m. This is readily checked by identifying
(dmEr with £ (*UIT;), where *U stands for the disjoint union, and setting

ny
U =3 Pulvlr,).
=1

By (27), (43) and (5),

up 67 @l 2. < (47)

15



Moreover, by (28), (44), (5), and (45)
sup |G (@)l Ly < e (L 10027 mEH 4 gy )27 (48)
weN

Now the first estimate (41) follows from Lemma 1, (29), (46), (47), and (48):

(E [0 — E0|%)!2 = Var(6),? ) = Var(0) 1

N m—1 N; 2
em!/? ((N(O))2 Z Var (Cy(‘O))Em + Z Nl_2 ZVar(Qj)Em)
j=1 =0 Jj=1

IN

IN

Q
SH
©

7N

=
=
o

_l_

N—l( oo o— min(s,d+o)l —dl 2\ /2
S+ 1)™02 +(1+1)2 )

Here we used that

Var(¢)g,, = Var(Q) .. ar) < 4EIICIT apy < 4sup IS ar)

for a random variable ¢ on (€2, X, ) with values in E,,, C Loo(M). Applying
first the triangle inequality and then Lemma 1 for each [ separately gives

16



the desired second estimate (42):

1/2
(B[l —EO|*)"* = Var(0),”” )

L 172 e LM\
0
< Var chj —i—ZVar EZCM
= peony 0 = L)
| N V2 LN\
_ (0) .
= Var N Z Cj + Z Var EZQ]
7=1 Eo =0 j=1 B
NO 1/2
< ¢ ((N(O))2 Z Var(Cl(O))EO +
j=1
m—1 Nl 1/2
e I+ N Var ),
1=0 j=1
< c(N(O))_1/2+

-1
c (l + 1)1/2lel/2 ((l + 1)a02—min(s,d+o)l + (l + 1) 2—dl> )
1—

3

[e=]

O

Proof of Proposition 1. It remains to provide the choice of parameters and
to derive the final error estimates. Let n € N with n > 2 be given. First
assume that min(s,d + o) > d;/2. Choose any 7 > 0 such that

min(s,d +o,d) > (d1 +7)/2,
and let (recall that log always means log,)
_— logn
- di+71 ’

Then the cost is bounded by

m—1 m—1
cost(f) = NO 4 Z Ny <n+ Z 2dll(n2*(d1+7)l +1)
=0 =0

< eln+ 2d1m) <cn.

17



We estimate the stochastic error by Lemma 4, (42):

(Eo—E6|*)'?

< en V24
m—1
c Z(l + 1)1/2n—1/22(d1+‘r)l/2 ((l + 1)a02— min(s,d4o)l 4 (l i 1)2—dl>
=0
< en” 2,
By Lemma 3,

Hka_PmkaH < C(ma02—min(s,d+a)m+m2—dm) < C2—((11—&-‘1')771/2 < cn_1/2.

Now the desired result follows from Lemma 2.
Next assume min(s,d + o) = d1 /2. We put

. Fodgln-‘7 9)

and
NO =p N = [nm*IZ*dlq (l=0,...,m—1).
Then the cost can be estimated by

m—1 m—1
NO 4 Z Ny <n+ Z 2hl(mm =127l £ 1) < ¢(n +21™) < cn.
=0 =0

By Lemma 4, (41), the stochastic error satisfies
(Ell0 —E0|*)"/?

< emt/? (n_l +

m—1 1/2

n—Lmadil ((l + 1)2a02—2min(s,d+0)l + (l + 1)22—2(1[) )
=

m—1 1/2
< emn”Y? (Z(l + 1)20‘0>

1=0
< Cnfl/Zmao+3/2 < Cn71/2(10gn)a0+3/2.
Furthermore, by Lemma 3,

| T f — PuTrfll < e(m@02~hm/2 4 m2=9m) < en=2(logn)o.
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An application of Lemma 2 concludes the proof in this case.
Finally, we assume min(s,d + o) < d1/2. Choose any 7 with

0<7<d—2min(s,d+ o),

and put

Fogn - loglogn-‘
m= ,
dq

(50)
NO =pn N = {n Q*dll*T(m*’)w (I1=0,...,m—1).
Note that (50) implies
(n/logn)Y/4 < 2™ < 2(n/logn)" /.

The cost is bounded by

m—1 m—1
N(O) + Z nlNl < n+ Z 2d1l(n2—d1l—7'(m—l) + 1)
=0 =0
m—1
< ¢ (n 9~ Tm=D 4 2d1m> <cn.
=0

Relation (41) of Lemma 4 gives
(E]6—E0|*)?

< cml/2 (n_l +

—_

i 1/2
n—12d11+7(m—l) ((l + 1)2a02—2min(s,d+0)l + (l + 1)22—2dl>>
=0

m—1 1/2
cm1/2 <n1 + Z n712d11+7(m7l)(l + 1)2a022min(s,d+a)l>
=0

IN

m—1
=0

cn—1/2ml/2+a0 2(d1 /2—min(s,d+0o))m

IN

1/2
Cn—1/2m1/2+a0 (27—m 2(d1—7—2 min(s,d—i—a))l)

1/2+040( di/2—min(s,d+0))/d1

n/logn)
)min(s,d+a)/d1 +ag )

en™Y2(logn)
— min(s,d+o0)/d1 (

IA A IA

cn logn
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Moreover, using Lemma 3 again,

||ka . PmkaH < ¢ (ma027 min(s,d+o)m +m 2fdm) < em®02~ min(s,d+o)m
< en” min(s,d+o0)/d1 (log n)a0+min(s,d+0)/d1 '
A final application of Lemma 2 completes the proof. ]

4 Lower bounds and complexity

We shall be concerned with the information complexity exclusively, that is,
we only count information operations. This makes the lower bound state-
ments stronger. The upper bounds obtained in the previous section were
anyway accompanied by estimates of the total cost, including arithmetic
operations and random variable generation.

First we describe the needed notions in a general framework. We refer
to [19] and [17] for further background on the theory of information-based
complexity. A numerical problem is given by a tuple P = (F,G, S, K, A),
where F' is a non-empty set, G a normed space over K, where K stands
for the set of real or complex numbers, S a mapping from F to G, K a
non-empty set and A a non-empty set of mappings from F to K. We seek
to compute (approximately) S(f) for f € F using information about f € F'
of the form A(f) for A € A.

Usually F'is a set in a function space, S is the solution operator, mapping
the input f € F to the exact solution S(f) of our problem, which we want to
approximate. A is usually a set of linear functionals, and K is mostly R or
C (however, for understanding the complexity under certain more powerful
information assumptions, like, e.g., in [8], it is convenient to keep K general).
G is usually a space containing both the solutions and the approximations,
and it is equipped with a norm, in which the error is measured. (Compare
also the specifications to our situation given before Propositions 2 and 3.)

Let k* = K. (We want {k*} to be any one-element set such that k* ¢ K.
With the choice k* = K, this is the case, since a set never contains itself as
an element.) We use this to define the zero-th power of K as K = {k*}. In
the sequel it will be convenient to consider f € F' also as a function on A
with values in K by setting f(A) := A(f). Let F(A, K) denote the set of all
functions from A to K.

A deterministic algorithm A for P is a tuple

A= ((Li)Zy, (Ti)z‘oio’ (@i)fio)
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where for each 1,
Li : K1=A
. K'—{0,1}
vi - K'—=@
are any mappings. Given f € F(A, K), we associate with it a sequence

(2:)%2, with z; € K*, we call it the computational sequence of A at input f,
defined as follows:

zZ0 = k*
zi = (f(L1(20)),-- -5 f(Li(zi-1))) (i >1).

Let the cardinality card(A, f) of A at input f be the first integer n > 0 with
Tn(2n) = 1, and put card(A, f) = +oo if there is no such n. Define

Dom(A) ={f € F(A,K) : card(4, f) < oo}.

For f € Dom(A) and n = card(A, f) we define the output A(f) of algorithm
A at input f as
A(f) = pnl2n)-

Let A%t (P) be the set of all deterministic algorithms for P. If P is fixed,
we write shortly A9t For A € A%t define

card(A, F') = sup card(A4, f),
feF

and the error of A as
6(5, Aa F) = sup HS<f> - A(f)HG
fEF
if ' C Dom(A), and e(S, A, F') = +00 otherwise. Furthermore, for n € Ny,
let the n-th deterministic minimal error be defined as
edet(S, F) = inf{e(S, A, F) : A€ A%, card(A4, F) <n}.

The meaning of this crucial quantity of information-based complexity is the
following: No deterministic algorithm that uses at most n informations on
f can provide a smaller error than el¢*(S, F).

A randomized (or Monte Carlo) algorithm for P

A= (03, 0), (Av)weq),
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consists of a probability space (€2, 3, 1), and a family

A, € A*YP) (we).
Define Dom(A) to be the set of all f € F(A, K) such that card(A., f) is a
measurable function of w,

card(Ay, ) < oo for almost all w € ),

and A,(f) is a G-valued random variable, meaning that A, (f) is Borel
measurable and there is a separable subspace Gy of G (which may depend
on f) such that

Au(f) € Gy for almost all w € Q.

Let A"™*(P), or shortly A™" denote the class of all randomized algorithms
for P. Given A € A™" and f € F(A, K), define

card(A4, f) = /Qcard(Aw,f) dp(w)

if f € Dom(A) and card(A, f) = +oo otherwise. Put
card(A, F') = sup card(A, f).
feF
The error of A € A™" is given by
o(5,4.F) = sup [ 15(£) = Aul)le due).

fer

if F¥ C Dom(A), and e(S, A, F') = 400 otherwise. We have chosen the first
moment, that is, the Li(€, u) norm for the error. Clearly, we could have
considered the error also in the sense of L,(£, 1), 1 < p < oo, which would
not cause essential changes. For n € Ny the n-th randomized minimal error
is defined as

e (S, F) = inf{e(S, A, F): Ae A™ card(A, F) < n}.

Hence, no randomized algorithm that uses (on the average) at most n infor-
mation functionals can provide a smaller error than e}**(S, F').

We shall reduce the lower estimate of the minimal randomized error in
the usual way to the average case setting. We only need measures whose
support is a finite set. So let v be such a measure on F, let A € A%, Put

card(4,v) = /card(A f) dv(f),

«s:40) = [ IS(6)=ADle ),
e™Ve(S v) = inf{e(S,A,v): Ae A% card(A4,v) < n}.
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Lemma 5. For each probability measure v on F' of finite support and each
n €N,

1
et (S F) > 3 eq(S,v).

This is well-known, and can be found, for example, in [5]. Although
dealing with a slightly less general setting, the proof of Lemma 2 in there
literally carries over.

Next we consider problems P which are linear in the sense that K = K
(the set of real or complex numbers), F' is a subset of a linear space X
over K, S is the restriction to F' of a linear operator from X to G, and all
mappings A € A are restrictions to F' of linear mappings from X to K.

Lemma 6. Let n,n € N with i > 2n, assume that there are (f;)", C F

such that the sets {\ € A : f;(A\) #0} (i =1,...,n) are mutually disjoint,
and for all sequences (o)1 € {—1,1}" we have "1, a; f; € F. Define the
measure v on F to be the distribution of Z?Zl €ifi, where €; are independent
Bernoulli random variables with P{e; = 1} =P{e; = —1} = 1/2. Then

1.
e2V8(S,v) > 5 mllnIE I ZEZ'S(fi)Hg,
1€l
where the minimum is taken over all subsets I of {1,...,a} with |I| > n—2n.

The proof follows the lines of the lower bound proof in [5], pp. 170-173.
We omit it here.

Corollary 1. There is a constant ¢ > 0 such that if G is a Hilbert space,
then under the assumptions of Lemma 6,

1/2
ave > mi 112
e(5,) > cmin (ZI HS(fz)HG> ,

the minimum taken over all subsets I of {1,...,n} with [I| > n — 2n.

Proof. This is a direct consequence of the generalized parallelogram identity

m m
Bl el = llul
i=1 i=1
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for elements u; in a Hilbert space GG, and the equivalence of moments, see
[13], Theorem 4.7, which asserts the existence of an absolute constant ¢ > 0

with
m m 1/2
E|D euilla>c (E | Z&uz‘HQG) :
i=1 i=1
O

An important tool for lower bound proofs is reduction. We need a simple
result, which is a special case of Proposition 1 in [9].

Let P = (F,G, S, K,A) be another numerical problem. Assume that
R : F' — F is a mapping such that there exist mappings 7 : A— A and

Q:KXK—)KWith

(RN = o\, f(n(N))) (51)

for all f € F and M€ A. Suppose that L : G—-Gisa Lipschitz mapping,
that is, there is a constant ¢ > 0 such that

IL(@) = Ly)lle < cllz —ylg foral wyed.

The Lipschitz constant ||L||1ip is the smallest constant ¢ such that the rela-
tion above holds. Finally, assume that

S=LoSoR.
Lemma 7. For all n € Ny,

(S, F) < |LllLip (S, F). (52)

n

Now we return to the concrete numerical problems studied before. Let
M and @ be as defined in the beginning, including the case d1 = 0. We as-
sume, additionally, that () has non-empty interior. Our first result concerns
integral operators with a fixed, weakly singular kernel k € C*7(M, Q). Let
L(Q) be the linear space of all Lebesgue measurable essentially bounded
real-valued functions on @), equipped with the seminorm

| floe = esssup,eqlf(y)]-

Note that the space L, (Q) consists of functions defined everywhere on Q. In
contrast, the space L (Q) consists of equivalence classes, being the quotient
of L(Q) over the subspace {|f|z., = 0}. The reason for this distinction
is that in L£.(Q) function values are defined, while they are not in Lo (Q).
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As a target space, we still use the normed space Loo(M). So we consider
T}, as an operator from Lo, (Q) to Loo (M) (note that Ty is defined correctly
on both £ (Q) and L (Q), we therefore use the same notation T}, in both
cases). For the following proposition we set

F=DBr @ =1{f€Lx(Q) : |fle, <1},
oo [ LeM) i di>1
1R it dy =0,

S =T, and A = {0, : y € Q}, where 6,(f) = f(y) for f € B (q)-
Throughout the rest of this section and also in the next section we will have
K =K =R, so we do not repeat this assumption.

Define
1 .
= if di=d=-2
m=4 2" 9 7 (53)
0 otherwise.

Proposition 2. Let 0 < dy < d, assume that QQ has non-empty interior,
and let k € C*? (M, Q). Depending on the parameters, we make the following
further assumptions about k:

1. If 0 < d1/2 —d (which implies di # 0), we suppose that there exist
g € M°NQ°, dp > 0 and Vo # 0 such that Yok(z,y) > |z — y|° for
all z € M and y € Q with |x — x| < do, |y — xo| < do, and x # y.

2. If o > d1/2 —d and di > 1, we assume that there exist ro € MP°,
yo € Q°, 8o > 0 and Vg # 0 such that Yok(z,y) > 1 for all z € M and
y € Q with |z — x| < do, |y — ol < do, and z # y.

3. If dy = 0, we suppose that there exist yo € Q°, 69 > 0 and 99 # 0 such
that 9ok(0,y) > 1 for all y € Q with |y — yo| < dp and y # 0.

Then there is a constant ¢ > 0 (depending on k) such that for alln € N with

n > 2,
d+o 1

ernan(Tk,Bﬁoo(Q)) >cn min(W@) (logn)**
(with d;‘—l" interpreted as 400 for dy =0).

Proof. Case 1: Since z( is an inner point of @, we can find a cube Q' =
xo + 01[—1/2,1/2]¢ contained in Q. By choosing d; > 0 small enough, we
may assume that |y — 29| < dg for all y € Q’, and, since z¢ is also an inner
point of M, that M’ = zo + 61[—1/2,1/2]% x {04} is contained in M.
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It follows that M’ C @' and Yok(z,y) > |x —y|? for all z € M’ and y € Q'
with x #y. Let n € N, n > 2. Set

m = Fodgﬂ + [log \/ﬂ +3. (54)

1

Let {Q}, i = 1,...,2%m} be the canonical decomposition of @’ into closed
subcubes of sidelength 27™¢;. Let 1 be a continuous function on R? with
supp? C Q" and 0 < ¥ (y) < 1 for all y in the interior of Q’. Let v; be the
function obtained by shrinking ¢ to @7, i.e.,

Yi(y) = v(@o + 2™ (y — wi)),
with y; the center of Q). Fix 1 <i < 2% and let x € M’ satisfy
o= il > VA2, (55)
Observe that for all y € Q/,
lyi —y| < Vd2 714,

Therefore,
3
lz =yl < |z —yil + |y —yl < 5\%—%!-

Since, by assumption of case 1, 0 < 0, we get

()@l = 907 [ ey

> 19—1<§ —z'>o Vi(y)d
o (Gl —ul) [ vy

> 27z — )7, (56)

provided (55) holds (the constants appearing in this proof may depend on
k). Define J : Loo(M) — La(M") by Jf = f|prr. Let

In={1<i<2im . Q.nM #0}.

Then
’Im’ — 2d1m+d—d1

and therefore, by (54),
L] > 81 (57)
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By (56) we have for i € I,

ST 7 n 2 CQQdm/ T — Y 29y, 58
” ”LQ(M) {mGM/:\xfyi\z\/a2_m51} ’ ‘ ( )

Let y. be the orthogonal projection of y; onto R% x {old=d)} " Clearly,
yl € M', and for all x € M,

|z = yil < |2 —wil. (59)
Since i € I,,, it follows that
i — yil = Vd—di27" 6 < VA2
Therefore, under asssumption (55)
Va2 "8y < o =yl < o=yl + i — il < lo -yl + Va2 e,

which, in turn, implies
|z — i < 2|z —yjl. (60)

From relations (59) and (60) we get

|z — yi*7dx
\/{:EEM’:myiE\/aQ_m&l} '

& — yl[*da

220 /
{mGM/ : \xfyﬂzx/a2_m51}

22”/ |z — 4?7 d. (61)
{zeM’:Vd2-m6 <|z—yj|<2-161 }

Since 2716 is half the side length of M’ at least one (dj-dimensional)
quadrant of the ball

{x ER™M : |z -y < 2_151}
fully belongs to M’. This gives

) o~ yida
{zeM’:Vd2-m6<|z—yj|<27 161 }

>

g / o —y7de. (62)
{xERdl :\/32—m61§|x—yﬂ§2—161}
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By (54),
2/ d2~™6 < 2716,

Therefore

J) o — ylf2oda > c2- @ty (G
{zeRdl :\/&2—m51§\x—y§|§2—161}

where ay = 1/2 if 0 = —d; /2 (which, because of o < dy/2 — d, can only
happen if we also have d; = d) and a; = 0 otherwise. Joining (58) with
(61-63), we obtain

||JTk¢i||%2(M/) > g~ (dtdit2o)m,, 2ar
Using Lemma 5, Corollary 1, and (57), we get
e;an(JT]w Bﬁoo(Q))Q > CnQ*(2d+20+d1)m7n2o¢17 (64)
Since ||.J|| < 1, a simple consequence of Lemma 7 is
en (T, Broo (@) = en (I Tk, Bro (@)
which together with (54) and (64) gives,
eyt (T, BEOO(Q)) > cn~(dt+o)/d (logm)“t.

Case 2: Here we argue similarly. We put Q' = yo + 61[—1/2,1/2]% and
M' = x4 61[-1/2,1/2]" x {04}, We choose d; > 0 so small that
M' C M, Q CQ, and Yok(z,y) >1for all x € M" and y € Q" with x # y.
Let n € N, put

d
and let ¢; (i = 1,...,29") be defined as above. Then for 2 € M’,

m = Fogﬂ +3, (65)

(Tew) ()] > [90] ™" /Q ily)dy > 270

and hence, for i = 1,...,2%™
1Tl 7y gy = €272,
Using (65), it follows as in the proof of (i) that
e;an(Tk,Bﬁoo(Q)) > ezan(JTk,Bﬁoo(Q)) > CQ_dm/Q > C?”L_l/g.
The same argument can be used for the case 3, with Lo(M’) replaced by
R. ]
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Note that the case di = 0 is essentially the known lower bound for
integration.

The following theorem summarizes our results for the case of a single,
fixed operator and shows that upper and lower bounds are matching, up to
logarithmic factors.

Theorem 1. Let 0 < dy < d, let 0 € R, —d < 0 < 400, let M,Q be as

defined in section 2, assume that Q) has non-empty interior, and let s € N

be such that j—l > min (‘lc'l"—lo, %) Then there is a constant ¢y > 0 such that

for all k € C5°(M,Q) and n € N with n > 2,

d+o
dy ’

D=

—min(

e (T4, Br. (@) < cillblleson ) (log )

Moreover, for each k € C*? (M, Q) satisfying the assumptions of Proposition
2 there is a constant ca > 0 (which may depend on k) such that for alln € N
with n > 2,

_ min(d"'—”

1
cin dy ’5>(logn)a1 < en (T, Broo(@)-

The constants oy and 3 were defined in (53) and (25), respectively,

Proof. The lower bound is a consequence of Proposition 2. The upper bound
for dy > 1 follows from Proposition 1. Note that Proposition 1 gives an upper
bound for the La(2, 1) error, which is, of course, also an upper bound for
the L1(€2, ) error used in the definition of e}". It remains to verify the
upper bound in case d; = 0. This, however, is just (weighted) integration of

f:

1if = | KO0 1)y
and its randomized approximation is well-known. Indeed, consider it as in-
tegration of the function k(0,y)f(y)xq(y) over B(0, 0), where g = sup{|y| :

y € Q}. Using the standard Monte Carlo method with importance sampling
with n samples of density p(y) = a=19,(0,y), where

a= / 7(0,y)dy
B(0,0)

(this is just the ©(©) approximation from section 3, that is, the algorithm
with m = 0), it follows readily that the expected mean square error is
< en 2|k s.o O
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For the next result we specify F' = Bes.o(ar,g) X Bro @)y G = Loo(M)
(replaced by R, if d; = 0), the solution operator S is given by S(k, f) = Ty f,
and

A = {50‘ :(z,y) € M x Q\ diag(M, Q), a € NI, ]algs}

(z.y)
U {531 ) € Q})
where 6& y)(kz,f) = D¢k(x,y) and 0y (k, f) = f(y). We define ap as
S : S : d+o
& if - <min (dil, %)
a2 = % if i > min <d+—10’ %) and di=d=—20 (66)
0 otherwise.

Proposition 3. Let 0 < d; < d and assume that QQ has non-empty interior.
Then there is a constant ¢ > 0 such that for all n € N with n > 2 the
following holds:

— min( 2,42,
el (S, F) > cn (dl’ 4

N

) (logn)*2.

Proof. First we consider the case

S < mi d+o 1
— <min|{ ——, = |.
di — dq 2
Let z¢ be any inner point of @, let @), be any cube of the form Q' = z¢ +

01 [—%, %]d contained in Q. Let fy be the function on () which is identically

equal to 1. Define Ry : Cj(M x Q') — C>7(M,Q) x Lo(Q) by setting
R1(g) = (K, fo) for g € C§(M x Q'), where

_ [ agz,y) if yed’
k@, y) = { 0 otherwise,

for (z,y) € M x @, and
c1 =inf{v, y(z,y): 0<I<s,zeM,yeQ xz+#vy}
Put Fl = BC’S(MXQ’)? Gl = LOO(M), and

Ay ={60 ) ¢ (m,y) € M x Q',a € NJ'™ |a| < s},
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«

where 07, y)g(a:, y) = D%g(z,y) is the partial derivative with respect to the
variables = and y. Define Sy : C§(M x Q') — Loo(M) by

S19)(x) = x,y)d reM
S0 = [ oy (@ em)
for g € C§(M x Q). We have
Cfl(SoRl(g))(x)ZCIl/ k(fv,y)fo(y)dy=/ g(z,y)dy = (S19)(@),
Q Q'

R1 maps BCS(MXQ’) = F1 to BCS,O’(M7Q) X Bﬁoo(Q) = F, and is of the form
(51). Therefore, by Lemma 7,

e;an(Sl, BC’S(MXQ’)) < cl_leffm(S’, F)
Since s/dy < 1/2, [10], Prop. 5.1 gives
e (S1, Bog(uxgn) = en” /M (log n)*/ (67)

(the related lower bound proof also holds for functions which satisfy the
boundary conditions, and for L. (M) instead of C'(M) as a target space).

Consequently,
e (S, F) > en~s/h (log n)s/dl.

] ~ mi d+o 1
— >min | —, =
dy di 2
and use Proposition 2 for a reduction. Put

i lr=yl” i o<di/2—-d
k‘(l’,y)—{ 1 if O'>d1/2—d (xEM,yGQ,a:;éy).

Now we assume

Let ko = ||k||zoo &, define

Ry : Loo(Q) = C*7(M, Q) X Loo(Q)

by

R2(f) = (k()v f)
and let Sy = Ty,. We set Iy = B, (), G2 = Loo(M), and Ay = {0, : y €
Q}. Then Sy = S o Ry, Ro(Fy) C F, and Ry is of the form (51). It follows
from Lemma 7 and Proposition 2 that

d+o

)
42/ (logn)*.

—min(

e (S, F) > cn
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As a consequence of Propositions 1 and 3 we get matching, up to log-
arithmic factors, upper and lower bounds for the minimal error e;*"(S, F),
with ap and 3 defined in (66) and (25), respectively.

Theorem 2. Let 0 < dy < d, let 0 € R, —d < 0 < 400, let M,Q be as
defined in section 2, assume that QQ has non-empty interior, and let s € N.
Then there are constants c1,co > 0 such that for all n € N with n > 2 the
following holds:

5 An application to Poisson’s equation

We study a simple prototype problem, the randomized complexity of which
nevertheless has been left open so far: Let d > 2 and 0 < d; < d. Let
Q C R? be the d-dimensional (Euclidean) unit ball around zero and let M
be a di-dimensional cube, contained in the interior of @), that is, if d; > 1,

M = zg + af0,1]" x {0~} c Q°,

where a > 0, and M = {z9} C Q¥ if d; = 0. For f € L(Q) let u € C(Q)
be the (generalized) solution of

—Au=f ulag = 0. (68)
Define Sy : Loo(Q) — Loo(M) as
S1f = ulm,

that is, given f € Lo(Q), we want to compute the solution u on a di-
dimensional subcube, the error measured in the norm of Lo (M). So here
we put F' = By (q), G = Loo(M), and A = {0, : y € Q} (in the case
dy = 0 we replace Loo(M) by R). The Green’s function for problem (68) is
explicitly known:

; 1 1 .
k(l‘,y) = (d—2)c(d) <|x—y|d—2 - (|y\|x—g|)d—2> if d>3

—5r (Infz —y| —In(lyllz — 7)) if d=2.

(69)

and is defined for all z,y € Q with x # y. Here § = y/|y|? and c¢(d) is the
surface measure of the unit sphere in R?. If y = 0, then the second term
in the brackets on the right-hand side is replaced by 1 for d > 3 and by
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0 for d = 2. So the solution to (68) is given by T f, or, in other words,
Sy = Ty. We have k € C>279(M, Q) for all s > 1. Indeed, since the closed
set M is contained in the open set Q° and % is in the complement of Q°, the
respective second term on the right-hand side of (69) is in C*? (M, @) for all
s € Nand ¢ > 0. That the first term belongs to C52~¢(M, Q) for all s € N
was already discussed in Section 2. With ¢ =2 —d and any s > d+ 0 = 2,
the exponents defined in (53) and (25) become

{ Lif dy=d=4
o] =
0

otherwise,

and
0 if di<4
8= if di=4

3
dll if dy > 4.

Theorem 3. Let M,(Q be as above. Then there are constants ci,co > 0
such that for alln € N with n > 2,

2

+ l) o ran —min( l) Jé]
412/ (logn)** < e (Sl,Bgm(Q)) < con 412/ (logn)”.

—min(
cin

Proof. This is a direct consequence of Theorem 1. ]

6 Comments

Parts of this paper have already been presented in a talk at the Dagstuhl
Seminar ” Algorithms and Complexity of Continuous Problems” 2000, see
[7].

Kollig and Keller [12] used a one-level splitting like (15) to develop an
algorithm for solving the rendering integral equation providing the global
illumination of scenes in computer graphics. They report good numerical
test results.

We considered only the simplest case of M being a cube. Clearly, the
analysis carries over to finite unions of cubes, to simplices and their finite
unions, and other domains on which suitable approximation tools are avail-
able. In [9] we show that the case of the cube is sufficient to handle general
C* domains by introducing local charts.

Although we dealt only with real-valued k& and f, the results generalize
in an obvious way to the complex case.
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The function classes related to f did not possess any smoothness. Classes
of finite smoothness are considered in [9].

The results of section 5 are generalized in [9]. There the information
complexity of general elliptic PDE with smooth coefficients and in smooth
domains is treated.

Let us compare the rates obtained here with those in the deterministic
setting. By simple reduction to integration one can show that under the
assumptions of Theorem 1 there are constants ci,co > 0 such that for all
n € Ny,

c1 < 3Ty, B (@) < e,

similarly, under the assumptions of Theorem 2 (F' = Bes.o(a1,0) X Broo (),
a1 < ep(9,F) < o,

and of Theorem 3,
1 < en(S1,Br (@) < 2

meaning that for the function classes considered here no deterministic algo-
rithm can give a non-trivial convergence rate.

References

[1] P. G. Ciarlet, The Finite Element Method for Elliptic Problems,
North-Holland, Amsterdam, 1978.

[2] S. M. Ermakov, The Monte Carlo Method and Related Prob-
lems (in Russian), Nauka, Moscow, 1971. German edition: Die
Monte-Carlo-Methode und verwandte Fragen, VEB Deutscher

Verlag der Wissenschaften, Berlin, and Oldenbourg, Miinchen,
1975

[3] A. S. Frolov, N. N. Chentsov, On the calculation of definite
integrals dependent on a parameter by the Monte Carlo method,
Zh. Vychisl. Mat. i Mat. Fiz., 2 (4) (1962), 714-717 (in Russian)
[English transl.: U.S.S.R. Comput. Math. and Math. Phys. 2(2),
714-717).

[4] S. Heinrich, Random approximation in numerical analysis, in:
K. D. Bierstedt, A. Pietsch, W. M. Ruess, D. Vogt (Eds.), Func-
tional Analysis, Marcel Dekker, New York, 1993, 123 — 171.

34



[5]

[6]

[11]

[12]

[13]

[14]

[15]

S. Heinrich, Monte Carlo complexity of global solution of integral
equations, J. Complexity 14 (1998), 151 — 175.

S. Heinrich, The multilevel method of dependent tests, Advances
in Stochastic Simulation Methods (N. Balakrishnan,V.B. Melas,
S. Ermakov, editors), pp. 47-62. Birkh&user, Boston, Basel,
Berlin, 2000.

S. Heinrich, Monte Carlo approximation of weakly sin-
gular operators, Dagstuhl Seminar ”Algorithms and
Complexity for  Continuous  Problems”, 2000, see:
http://www.dagstuhl.de/00391/Report/

S. Heinrich, On the power of quantum algorithms for vector
valued mean computation, Monte Carlo Methods and Applica-
tions 10 (2004), 297-310, see also http://arXiv.org/abs/quant-
ph/0403109

S. Heinrich, The randomized information complexity of elliptic
PDE, J. Complexity (to appear).

S. Heinrich, E. Sindambiwe, Monte Carlo complexity of para-
metric integration, J. Complexity 15 (1999), 317-341

M. H. Kalos, P. A. Whitlock, Monte Carlo Methods. Volume I:
Basics. Wiley, New York, 1986.

T. Kollig, A. Keller, Illumination in the presence of weak sin-
gularities , to appear in D. Talay and H. Niederreiter (eds.),
Monte Carlo and Quasi-Monte Carlo Methods 2004, Springer-
Verlag, Berlin, see also Technical Report 328/04, University of
Kaiserslautern, 2004.

M. Ledoux, M. Talagrand, Probability in Banach Spaces,
Springer, Berlin—Heidelberg—New York, 1991.

G. A. Mikhailov, Minimization of Computational Costs of Non-
Analogue Monte Carlo Methods, World Scientific, Singapore,
1991.

G. A. Mikhailov, Optimization of Weighted Monte Carlo Meth-
ods, Springer, Berlin-Heidelberg-New York, 1991.

35



[16]

[17]

[21]

G. A. Mikhailov, New Monte Carlo Methods with Estimating
Derivatives, VSP, Utrecht, 1995.

E. Novak, Deterministic and Stochastic Error Bounds in Nu-
merical Analysis, Lecture Notes in Mathematics 1349, Springer-
Verlag, Berlin, 1988.

I. M. Sobol, The use of w?-distribution for error estimation in
the calculation of integrals by the Monte Carlo method, Zh.
Vychisl. Mat. i Mat. Fiz., 2(4) (1962), 717-723 (in Russian) [
English transl.: U.S.S.R. Comput. Math. and Math. Phys.. 2(2),
717-723].

J. F. Traub, G. W. Wasilkowski, and H. WozZniakowski,
Information-Based Complexity, Academic Press, 1988.

A. V. Voytishek, Asymptotics of convergence of discretely
stochastic numerical methods of the global estimate of the so-
lution to an integral equation of the second kind, Sibirsk. Mat.
Zh. 35 (1994), 728 — 736 (in Russian).

A. V. Voytishek, On the errors of discretely stochastic proce-
dures in estimating globally the solution of an integral equation
of the second kind, Russian J. Numer. Anal. Math. Modelling
11 (1996), 71 — 92.

36



