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Abstract

We study the randomized n-th minimal errors (and hence the complexity) of vec-
tor valued approximation. In a recent paper by the author [Randomized complexity of
parametric integration and the role of adaption I. Finite dimensional case (preprint)] a
long-standing problem of Information-Based Complexity was solved: Is there a constant
¢ > 0 such that for all linear problems P the randomized non-adaptive and adaptive n-th
minimal errors can deviate at most by a factor of ¢? That is, does the following hold for
all linear P and n € N

e;lanfnon(r])) S ce;‘an('])) ?

The analysis of vector-valued mean computation showed that the answer is negative.
More precisely, there are instances of this problem where the gap between non-adaptive
and adaptive randomized minimal errors can be (up to log factors) of the order n'/®. This
raises the question about the maximal possible deviation. In this paper we show that for
certain instances of vector valued approximation the gap is n'/2 (again, up to log factors).

1 Introduction

Let N,Ni,N, e Nand 1 < p,q,u,v < oo. We define the space Lév as the set of all functions
f:Z[1,N]:={1,2,...,N} — K with the norm

1<i<N

1 N 1/p
£y = (NZIN)V”) <o), [fly = max |70
i=1

and the space L) (L)?) as the set of all functions f : Z[1, N] x Z[1, N3] — K with the norm

N1
=1

171 ey = | 170 30);

Ny
Ly

with f; = (f(@,]))évﬁl being the rows of the matrix (f(7,7)). In the present paper we study
the complexity of approximation in the randomized setting. More precisely, we determine the
order of the randomized n-th minimal errors of

JNONe DI (LE?) — LY (L)), TN p =) (1)

The input set is the unit ball of L) (LL2), the error is measured in the norm of Ly (LY?) and
information is standard (values of f).



It is well-known since the 80ies that for linear problems adaptive and non-adaptive n-
th minimal errors can deviate at most by a factor of 2, thus for any linear problem P =
(F,G,S,K,\) and any n € N

eietfnon(sg F, G) < 262‘%(5, F, G), (2>

see Gal and Micchelli [1], Traub and Wozniakowski [12]. The randomized analogue of this prob-
lem is as follows: Is there a constant ¢ > 0 such that for all linear problems P = (F,G, S, K, A)
and all n € N

et (S FLG) < cel™(S, F,G)?

See the open problem on p. 213 of [9], and Problem 20 on p. 146 of [10]. This problem was
solved recently by the author in [7], where it was shown that for some instances of vector-valued
mean computation the gap between non-adaptive and adaptive randomized n-th minimal errors
can be (up to log factors) of order n'/®. This raises the question about the maximal possible
deviation. In this paper we study the randomized complexity of vector valued approximation

and show that for certain instances of the gap is n'/? (again, up to log factors), see Corollary
1.

2 Preliminaries

Throughout this paper log means log,. We denote N = {1,2,...} and Ny = NU {0}. The
symbol K stands for the scalar field, which is either R or C. We often use the same symbol
¢, cy,Co, ... for possibly different constants, even if they appear in a sequence of relations.
However, some constants are supposed to have the same meaning throughout a proof — these
are denoted by symbols ¢(1),¢(2),.... The unit ball of a normed space X is denoted by By.

We work in the framework of IBC [8, 11], using specifically the general approach from [3, 4],
see also the extended introduction in [7]. We refer to these papers for notation and background.

An abstract numerical problem P is given as P = (F, G, S, K, A), where F' is a non-empty
set, G a Banach space, and S is a mapping F' — G. The operator S is called the solution
operator, it sends the input f € F' of our problem to the exact solution S(f). Moreover, A is
a nonempty set of mappings from F' to K, the set of information functionals, where K is any
nonempty set — the set of values of information functionals.

A problem P is called linear, if K = K, F is a convex and balanced subset of a linear space
X over K, S is the restriction to F' of a linear operator from X to GG, and each A\ € A is the
restriction to F' of a linear mapping from X to K.

In this paper we consider the linear problem

PNLNQ::(BLM(L%),LfWLfﬂ,JN“W,KﬁA),

A deterministic algorithm for P is a tuple A = ((L;)$2,, (1:)52, (pi)52,) such that L, € A,
70 € {0,1}, 9o € G, and for i € N, L;y; : K - A, 7, - K — {0,1}, and ¢; : K — G are
arbitrary mappings, where K* denotes the i-th Cartesian power of K. Given an input f € F,
we define ()22, with \; € A as follows:

M=Li, Ai=Lin(), . ha(f) (@ >2).



Define card(A, f), the cardinality of A at input f, to be 0 if p = 1. If 75 = 0, let card(A, f)
be the first integer n > 1 with 7,,(A1(f), ..., Au(f)) = 1 if there is such an n. If 7, = 0 and no
such n € N exists, put card(A, f) = +oo. We define the output A(f) of algorithm A at input

f as

: B (3)
oA (f), - Au(f)) i 1 <card(A4, f) =n < oo.

The cardinality of A is defined as card(A, F) = sup;cpcard(4, f). Given n € Ny, we define
3 (P) as the set of deterministic algorithms A for P with card(A) < n and the deterministic
n-th minimal error of S as

(S F,G) = inf S(f)— A : 4
e (5, F,G) Aeégﬂ(miggll (f) = A()lle (4)

Alf) = { ©o if card(4, f) € {0,000}

A deterministic algorithm is called non-adaptive, if all L; and all 7; are constant, in other
words, L; € A, 7, € {0,1}. The subset of non-adaptive algorithms in .&79°(P) is denoted by
o/ det=mon(PY and the non-adaptive deterministic n-th minimal error ed®*=2°1(S | F, G) is defined
in analogy with (4).

A randomized algorithm for P is a tuple A = ((2, X, P), (Ay)wen), where (2,3, P) is a
probability space and for each w € €2, A, is a deterministic algorithm for P. Let n € Ny. Then
/' (P) stands for the class of randomized algorithms A for P with the following properties:
For each f € F the mapping w — card(A,, f) is Y-measurable, E card(A,, f) < n, and the
mapping w — A, (f) is 3X-to-Borel measurable and P-almost surely separably valued, i.e., there
is a separable subspace Gy of G such that P{w : A,(f) € Gy} = 1. We define the cardinality
of A€ & (P) as card(A, F) = sup;p Ecard(A,, f), and the randomized n-th minimal error
of S as

e (S, F,.G) Ae,éfglafn(p) f}elgE 1S(f) = Au(H)llc-
We call a randomized algorithm ((£2, %, P), (Ay)wen) non-adaptive, if A, is non-adaptive for
all w € Q. Furthermore, &7 "°"(P) is the subset of &/!*"(P) consisting of non-adaptive
algorithms, and e/>*"°"(S, F', G) denotes the non-adaptive randomized n-th minimal error.

We also need the average case setting. For the purposes of this paper we consider it only
for measures which are supported by a finite subset of F. Then the underlying o-algebra is
assumed to be 2 therefore no measurability conditions have to be imposed on S and the

involved deterministic algorithms. So let u be a probability measure on F' with finite support,
let card(A, ) = [, card(A, f)du(f), and define

S G) = inf [ 1S() = A ledn(h)

where the infimum is taken over all deterministic algorithms with card(A,u) < n. Corre-
spondingly, e2ve~n(S 1, &) is defined. We use the following well-known results to prove lower
bounds.

Lemma 1. For every probability measure p on F' of finite support we have
1 1
(S F) > SRS ), (S, F) 2 e (S, )

The types of lower bounds stated in the next lemma are well-known in IBC (see [8, 11]).
For the specific form presented here we refer, e.g., to [3], Lemma 6 for statement (i), and to [6],
Proposition 3.1 for (ii).



Lemma 2. Let P = (F,G,S,K,\) be a linear problem, n € N, and suppose there are
(fo, C F such that the sets {\ € A : Xf;) # 0} (: = 1,...,7) are mutually disjoint.
Then the following hold for all n € N with 4n < n:

(i) If S0 aifi € F for all sequences (i), € {—1,1}" and p is the distribution of
ZL eifi, where g; are independent Bernoulli random variables with P{e; = 1} = P{g; =
—1} =1/2, then

av, L. . = =
eve (S, ) 25111111{1@“;&5]2 g IC{1,...,n} || 2n—2n}.

(i) If af; € F for all1 <i<n and o € {—1,1}, and p is the uniform distribution on the
set {af; - 1<i<n, a € {—1,1}}, then

1
avg > Z : .
eve(S, ) > 5 1m§z‘1§nﬁ 1S filla-

Finally, let # be the mapping given by the median, that is, if 2§ < --- < 27 is the non-

*

decreasing rearrangement of (z1,...,2,) € R™, then 0(z,...,z,) stands for Znt1)2 if m is

odd and W# if m is even. The following is well-known, see, e.g, [2].

Lemma 3. Let (q,...,(y be independent, identically distributed real-valued random variables
on a probability space (2, X, P), z € R, € >0, and assume that P{|z — (1| < e} > 3/4. Then

P{lz —0(C1,...,Cm)| <€} >1—e ™8

3 An adaptive algorithm for vector valued approxima-
tion
We refer to the definition of the embedding JN'"2 given in (1). It is easily checked by Holder’s

inequality that
R ®

with ay = max(a,0) for a € R. We need the randomized norm estimation algorithm from [5].
Let (Q, Q, 0) be a probability space and let 1 <v < u < co. For n € N define A}, = (4, ) )uen
by setting for w € Q and f € L,(Q, Q, 0)

n 1/v
A0 = (%Zm@(wz))r”) , )

where ¢; are independent )-valued random variables on a probability space (2, %, P) with
distribution p. The following is essentially Proposition 6.3 of [5], for a self-contained proof we
refer to [7].

Proposition 1. Let 1 < v <u < oo. Then there is a constant ¢ > 0 such that for all probability
spaces (Q, Q,0), f € L,(Q, Q,0), andn € N

E [ flzu@oo = Anu(H] < en™ V0D £l 0.0,0- (7)



The algorithm for approximation of J™¥2 will only be defined for the case that 1 < p <
g <ooand 1 <wv < u < oo (it turns out that for the other cases the zero algorithm is of optimal
order). Define for m,n € N, n < NiN, an adaptive algorithm A2 = . Let f € L)'(L}?) and

set f; = (f(4, j)) . Let {fjk 1<j< [ -‘ 1<k< m} be independent random variables

on a probability space (2, X, P) uniformly distributed over {1,..., Ny}.

We apply algorithm A see (6), to estimate ||fl||LN2 by Settmg forwe Q, 1 <i< Ny,

1<k<m
n 1 1/v
e ( ERp> |fi<sjk<w>>|v) - ) = 0@
el ]
Let Gr1) > -+ > Gx(ny) be a non-increasing rearrangement of (a;), with 7 a permutation. Then
the output A2 o(f) € LYY (LY?) of the algorithm is defined as
. o< |
Rl == (), bty = | 0 i | (8)
0 otherwise

(note that the assumption on n implies L\%W < Ny). If % - % > %, we use an iterated version
(Ai7m7w>weﬂa where (,%,P) = (Qq,%1,Py) x (29,39, Py) with (Q,%,,P,) (¢ = 1,2) being

probability spaces. We define
A?me(f) Aimwl(f)—i_Aimwg(f Anmuq(f)) (w:(wbwz))' (9>

The constants in the subsequent statements and proofs are independent of the parameters n,
N1,N5, and m. This is also made clear by the order of quantifiers in the respective statements.

Proposition 2. Let 1 <p<qg<oo, 1 <v<u<oo, andl < w < oco. Then there exist
constants ¢; > 1, co > 0 such that the following hold for all m,n, Ny, Ny € N with n < N1 N,
and f € LY'(L}?):

card(Af,”m’w) < (m+ 1)n +mN; + NQ, Card(Af’lmw) = 2card(Aimw) (10)
Furthermore, setting Ay mw = A5 i 5 i_1< % and Ay = nmw if i_ o> %, we have

for m > ¢ log(Ny + Na)

(E Hf - Anmw(f)”féﬁ (LUNQ))l/w

\p1/ n 1/u—1/v n 1/q—1/p
< e | *H 19135 a2y (1)

Proof. The total number of samples in A7, i

n n
mN; ’Vﬁl—‘ + Ny [ﬁz—‘ < mn+mN; +n+ Ny,

which gives (10). For n < max(Ny, Na) relation (11) follows from (5). Hence in the sequel
we assume n > max(Ny, N,). Fix f € L)'(L}?). First we consider the case 1 — 1 < . By
Proposition 1, where here the respective constant is denoted by ¢(0),

n 1/u—1/v
<co(5) Il (12

E (£l 20 — an



and therefore,

. (13)

Qo

1/u—1/v
n
P{w ¢ 2 Iy - an)] < 40 5 ) ||fi||ng} >

Let ¢(1) = 8(11;;61) > 1 (recall that log always means log,), then m > ¢(1)log(N; + N3) implies

e~™8 < (Ny + Ny)~*~!. From (13) and Lemma 3 we conclude

1/u—1/v
_ n e
]P’{WGQI ‘||fi||Lin—ai(w)’ §4C(O)(ﬁ) ”fi”Lff?} >1— (Ny+ Ny)™ 1,
1
Let
n 1/u—1/v
Qy = {w eN: ‘HfiHLiVQ — di(w)’ < 4¢(0) (F) I fill v (1< < Nl)}, (14)
1
thus
P(Qp) > 1 — (Ny + Noy)™%. (15)
Fix w € Q. Then by (14) for all i
@) < ellfill . (16)
Consequently,
1 N1 l/p 1 N1 1/p
(- awr) <oy > ) = el a7)
Let M = {N%—‘ It follows that
M 1/p 1/p
1 p M -
CHf”L;f,Vl(L{LVQ) Z (ﬁl;aﬂ,(z)> Z <F1) aw(M)7 (18>

thus for ¢ > M

o N\ NN\
e S anan <¢(31) Il <c £l (19)
Furthermore, by (8), for i < M
[ frty = br (@) 2 = 0. (20)
- e
(i N
I(w) := {1§z’§N1: dw(i)(w)g%}, (21)
hence we conclude from (8) and (14) for i > M, i € I(w)
[ fr) = bry @) e = [ fxll g < 211 froll e = ney (@)

n 1/u—1/v
<o(5) Mol 2



On the other hand, we have by (19) for ¢ > M, i & I(w)

| frc) — bri (w)Hng = ||f7r(i)HL1]}\’2 < (i) (W) = (i) (W) V(i) (w) 7P/
B N, N. 1/p—1/q
< aanpr () pe, (23)

(with the convention 0° = 1). Combining (20), (22), and (23), we get for 1 <i < N,

1/u—1/v 1/p—1/q
Ny N
I = i)l < (%) 1 fill e + ca(w)?’® (—; ) (El

Together with (17) we obtain for w € Q,

1 = Bl ey

n 1/u—1/v N
c(ﬁl) H(”fiHLf)’?)i:l
1/u—1/v
n 1/p—1/q
il N, ;
(3) (15 )2

_ 1/q
NN, 1/p—1/q 1 N1 3 .
v (M) (S aer ) W,

=y n \ Vu1/v n \/a1/p
M) () (24)

To estimate the error on €2\ €y we note that by (8) for all w € Q, b; is either f; or zero.
Consequently

IN

(az( )p/q)

1—
I p/q

Ny N, 1/p—1/q
(%)

L N1

IN

IN

17 = Bl g aivey < MMz ey < NP7 A 0 ey (25)

and therefore, using (15),

1/w
< /Q o 1= <bz-<w>>£“1II";”qu(LgQ)de))

1/q=1/p
_ _ _ n
< Nll/p 1/f1(N1 +N2) 1Hf”LfoV1(Li\72) < Nll/p 1/q (E) Hf”[,gl(Lff?)’

the last relation being a consquence of n < N;N,. Together with (24) this shows (11) under
the assumption % — % < %
Finally we consider the case }J — % > % We define ¢, v, by

1 1/1 1 1 1/1 1

_:_(__'__)7 — =3 _+_>, (26)

@i 2\p ¢ v 2\u v
then1<p<q <qv<v <u, ;- —y < g and ;- - <
shown case of (11)

\p1/ n 1/u—1/v1 n 1/g1—1/p
< Ny (ﬁ) +(5) 1l (27)

, so we conclude from the already



and, with g = f — A2 (f),

,1M,W1

1/w
(Beals = A O )

1/vi—1/v
< chl/ql_l/q<(%> 1
1

From (9), (27), and (28) we obtain

+

n 1/q—1/q1
(+) loll 30 g2 28)

1/w
(EleUJQHf - Ai,m,(wl,w2)<f)||LéVl(L1])\72))

1/w
= <E w1Ew2 Hf - Ai,m,wl (f) - A?L,m,wg (f - Ai,m,wl (f))”fé\ﬁ (L11)\72)>

Vaajaf (0 YTV e 2 v

< Nyl (E) ' (E) (B! = LoDl o3
eNYa-a [ e + (= R

1 Nl N2

1/u—1/v1 1/q1i—1/p

1/p=1/q n "

(DT
1 u—1/v 1 - 2

_ o NMeva| (T 2(1/u=1/v) n \ 2w
_ N E +( 5 (AP eremes

1/u—1/v 1/q—1/p
1/p—1 n n
= M((zv?) +(N2> )”f ey (29)

This gives (11) and concludes the proof. O

IN

4 Lower bounds and complexity

Proposition 3. Let 1 < p,q,u,v < co. Then there exist constants 0 < ¢y <1, ¢;...cg >0
such that for all n, Ny, Ny € N, with n < c¢oN1Ns there exist probability measures NS,)N1,N2
(1 <i < 6) with finite support in B~ (L2 such that

D u

1/u—1/v
e (NN NN s e N [Nﬁ] (30)

) Unet n 1/q—1/p
ezvg(JNLNz’uiL}VhNQ’LéVl(LiVQ)) > CgNl/p_ /a ’VE—‘ (31)
ee( NN B IN(LAR)) > e NPTV ANy (32)
e (JNeNe LML) > e (33)

n 1/u—1/v

N D L) > | 31
e (TN i ) DY (EY)) = Ny (35)



Proof. We set ¢y = % and let n € N be such that

Ny
1< 12 36
<n<— (36)
Define for L with 1 < L < N, disjoint subsets of {1,..., Ny} by setting
. Ny | N .
P = —1) | = 1,... — =1,...,L
R U e R I | SRR ) (37
then N N N
2 2 2
2 |22 2 p <22
To show (30), we put
4n
L= 41
R (39)
thus A
n n
— L < — . 4
{le —5[le 40

By (36), ?(,—’: < Ny, which together with (39) gives L < Ns, as required above. We conclude
from (38) and (40)

Na | _1<|D|<N n]” (41)
10 |V N="20N ]
Letfor1<i:< Nyand 1 <j< L

NYPNYM D[ if s=i and te€ D,

Yils 1) = { 0 otherwise, (42)

and let uS}Vh ~, be the unifrom distribution on the set

{Oéwiji izl,...,Nl,j: 1,...,[1, Oé::iil} CBLfovl(LiVQ))'

Recall that by (40), LNy > 4n, so from Lemma 2(ii) and relation (41) we conclude

1 1 - u—1/v v—1/u
eI v L IDR) 2 Sl | ey = SN INGT DY

Y

Z CNll/P—l/q ’VE

1/u—1/v
W

thus (30).
To prove (31), we set

so similarly to the above,
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and M < N;. Now define for 1 <: < M and 1 <j < N,

NPAM-Ve if s=i and t =

Vis(s:t) = { 0 otherwise. (49)

Let (5ij)f\iﬁ2:1 be independent symmetric Bernoulli random variables and let Ngvl, n, be the
distribution of S M Z;\El €ij¥ij. Then /‘7(12,3\71, N, 18 concentrated on BL;VI (N2 Since by (44),

M Ny > 4n, we can apply Lemma 2. So let K be any subset of {(i,7) : 1 <i< M, 1<j < Ny}
with [IC| > M Ny — 2n. Then

1
K| = M N, (46)

For 1 <i¢ < M let
. o . Ny

Then |I| > % and we get from (44) and (47)

Z €ijJN1’N21/Jij Z Z 5ijwij

(1,5)eK iel jek;

> 4V NHP YR ey

N N
Lq ' (Lv?)

E > E

N N.
Lq*(Lv?)

CNll/P—l/qu/qfl/p > CNll/p—l/q [%
2

v

" 1/q—1/p

and from Lemma 2 (i)

(NN 2 LN (L))

NN
E ST M

(i,5)eK

Z CNll/p_l/q ’VE

1 .
> - min E
2 |K|>MNa—2n Ny

)

“ 1/¢—1/p

thus (31).
We derive relation (32) directly from (30) and (33) from (31). Setting ny = [¢oN1Na] — 1
and recalling from (36) that 1 < ¢o/N; N, we get TN1Ny < ny < ¢gN1Ny. Consequently,

C
2N, <

n < n
oM < ’VFZ—‘ < (co + 1)y, EONz < [Fll—‘ < (co +1)Na. (48)

We set

3) _,, 4) _,,@
lun,Nl,NQ - ILLTL1,N1,N27 /’Ln,Nl,NQ - /’l’nl,Nl,NQ'

Furthermore, since n < ¢gN; Ny we have n < ny, hence by monotonicity, (30), and (48)

av, 3 av: 1
T i L () = e8I ), vy L (1))

v 1 1/p—1 ny
Z e?ng(JNl’NQa M511),N1,N2’ Lt]IVI (LIJJVZ)) Z CNl/p /a ’7_

Yu1fv > CNl/p—l/qu/u—l/v
N1 - 1 2 ’
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thus (32). Similarly, from (31)

es(JNeNa I (LYR)) = eave (NN 2 LN (L)

> ez\ig(JNl’NQaﬂfl),Nl,NyLéVl<Lq];VQ)) > CNll/pil/q ’Vﬂ

>c
N,

-‘l/q—l/p
which is (33).

For the proof of inequalities (34) and (35) we can assume n > Ny, because for n < N; the
already shown relation (33) implies (34), while (30) gives (35). We set

L=4 [%ﬂ +1, (49)

hence by (36)
16m 21n
L<—45<— <N,.
=N +0o< N, = 2
To prove (34), we use again the blocks D; (j = 1,..., L) given by (37) and define ¢; € B, ~,
by

NyU|D;|"Y it te D
(1) = 2 J 3>
vill) { 0 otherwise. (50)

Let py be the counting measure on {#¢; : 1 < j < L} C LY. Then we set ufijhNQ =

the Nj-th power of p;, considered as a measure on LII,V 1(LA2). This measure has its support in

B vy vy, and with J Nao N2 V2 heing the identical embedding, Corollary 2.4 of [7] gives
P u

ezvg(JNl,N27M£L5}VhN2’ Lé\H(Lf}Vz)) > 271—1/q€axi (JN2, 11, qusz). (51)

N1

By Lemma 2(ii) with n = L, (38), and (49)

1 I qju—1/v v—1/u n
(JNQ’MI’LUN2) > §||JN2¢1||LZ;VQ = 5]\[21/ 1/ |Dj|1/ Vu > ¢ {F

avg
€ An 1

%]

which together with (51) gives (34).
Finally we turn to (35), where we set

9

-‘ 1/u—1/v

b= NVPxp, € L (=1, L), (52

with D; given by (37) and L by (49). Let (g;)%_, be independent symmetric Bernoulli random
variables and let j1; be the distribution of Zle €j1¢;. We define a measure ”7(33\/1, N, On B LN LY
as follows: Let @y : LY — L;,Vl(LiVQ) be the identical embedding onto the k-th component of
the space L)'(L}?), that is, for g € L2, ®4(g) = f, with f(k,j) = g(j) and f(i,5) = 0 for

i # k. We define the measure ugvth on LY1(L}?) by setting for a set C' C L) (L})?)

Ny
1 (€)= N7US T (@71(C)), (53)
=1
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thus by (52), /‘52\[1, N, 1s of finite support in B, ~ Now Corollary 2.6 of [7] yields

(L2?)

1 — —non
e s (NN 0 gy Ly (L) 2 G N IR E N (N, L)), (54)

%]

By Lemma 2(i), (38), (49), and (52)

ey (I, Ly?) > € 1 (™, L))
%] o
1 N ) 2n 1/p
> imm{EHi;m Wy TS L L T2 L2 [ﬁj } > NP,
Inserting this into (54) finally yields (35). O
Theorem 1. Let 1 < p,q,u,v < 0o. Then there exists constants 0 < cg < 1, ¢1,...,c6 > 0,
such that for all n, N1, Ny € N with n < cgIN1 Ny the following hold: If p > q or u < v, then
NN < o (B TNE)
p u
ran—non 1/p—1 1/u—1/v
S ena o (JNthaBLéVl(LiVQ)yL(JIVl (Lf}\/2>> S CQNI( /p /‘1)+N2( / / )_;,_' (55)

If p < q and u > v, then

1/p_1/q n 1/U71/U n 1/q71/p ran N1,No Ny No
C3*]\71 + E Sen (‘] ' 7BL;7V1(L£’2)7Lq (Lv ))

N
- 1/u—1/v 1/¢=1/p
< Nl/p—l/q n n 56
= G N, log(N; + Na) T | NyTog(V, + ) (56)
and
NPT < emnen (NN By v YD) < NP (57)

Proof. The upper bounds in (55) and (57) are a consequence of (5), just using the zero algo-
rithm. If n < 6(N1+Ny) [¢(1) log(Ny + Na)], where ¢(1) > 1 is the constant ¢; from Proposition
2, the upper bound of (56) follows from (5), as well. Now assume

and set n
m = e(1)log(N, + No)], 7= L6_mJ . (59)

We use Proposition 2 with 7 instead of n, so by (10) and (59)
card(AZ ) < (m+ 1) +mNy + Ny < 2ma + m(Ny + Np) < 3mi < g, (60)

consequently, card(A3 ) < 2card(AZ ) <n and therefore

NN N N \p1/ a 1/u—1/v 7 1/q—1/p
ran s p—1/q
€n (J ' 27BL;>71(L£V?)7L¢]1<LU2>> N {E—‘ + [E—‘ . (61)
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Furthermore, we obtain from (58) and (59)

n cn cn n
A = 2 = 1,2). 9

Combining (61) and (62) proves the upper bound in (56).

Now we prove the lower bounds in (55)—(57). We use Lemma 1 and Proposition 3. We
assume n < 3¢(0)N1N,, where ¢(0) stands for the constant ¢y from Proposition 3. We start
with (55) and assume first that p > ¢ and u < v. Setting n; = {%C(O)NlNﬂ — 1, we have
n < ny and

1 1
ZC(O)NlNz <n < §C(O)N1N2,

therefore, by (34) and monotonicity of the n-th minimal errors

eran (JNl’NaBLNl ,ijl(LvN?)) > e,?ln(JNl’NQ,BLNl ,Lf]Vl(Lﬁ’?)>

(Lu?)
-‘ 1/u—1/v

(L2?)

2n u—1/v
Z >CN21/ 1/,

1 av 5
Z §€2ng1<‘]N17N27 Mg7l)1,N1,N27 Lf]\h (L’UN2>> 2 c ’V 1
which is the lower bound of (55) for the case (p > q) A (u < w). If (p > ¢) A (u > v), the lower
estimate of relation (55) follows from (33), while if (p < ¢) A (u < v), it is a consequence of
(32). Relations (30) and (31) together give the lower bound in (56), and (35) implies the one

in (57). O
With ¢y from Theorem 1 and N; = N, = {051/2711/2J + 1, we obtain

Corollary 1. There are constants cy,co > 0 such that for each n € N there exist Ny, Ny € N
such that

- N1, N-
ezan non(J 1, 27BLiV1

vy, LI (L1?))
(Lo?) < on

1/2
eyan(JNNz2, BLf’l w2y L]OVOI(L11V2)) B

ant?(log(n + 1))t <

It is not known though if the exponent 1/2 is the largest possible among all linear problems.
More precisely, is sup ' > 1/2, where

I'= {v > (0: dc>0Vn € Nd a linear problem P, with anP(P)n) > crﬂ} ?
ezan n
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